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Synopsis 

Perfect Graphs and several classes of perfect graphs had been studied because of the 
nice combinatorial structure and interesting applications [24], [101] and [179]. 

The four problems, namely, 

(i) finding the clique number of a graph 

(ii) finding the chromatic number of a graph 

(iii) finding the stability number of a graph 

(iv) finding the clique covering number of a graph 

which are NP-hard in general [91] can be solved in polynomial time when restricted to perfect 
graphs [105]. This result has intensified the algorithmic interest in perfect graphs. In 1962 
Berge [14] posed the following conjecture (see also [24] and [101]). 

Conjecture 1 ; For a graph G the following conditions are equivalent. 

(i) G is a-perfect. 

(ii) G is x-P^ffsct. 

(iii) G has no induced subgraph isomorphic to C 2 k+i or C 2 k+i for k> 2. 

Lovasz [133] established that a graph is x-perfect if and only if it is n-perfect. This is called 
the Perfect Graph Theorem. As a consequence of the Perfect Graph Theorem, Conjecture 1 
reduces to Conjecture 2. 

Conjecture 2 ; A graph is a perfect graph (x-perfect or a-perfect) if and only if it has no 
induced subgraph isomorphic to C 2 k+i or C 2 k+i for all fc > 2. 

Conjecture 2 is called the Strong Perfect Graph Conjecture (SPGC) and it is still 
unsettled. A class of graphs is said to be complete for a conjecture if the truth of the 
conjecture on this class implies the truth of the conjecture in general. Cornell [70] has 
identified self-complementary graphs, regular graphs and \'arious other classes of graphs to 



be complete classes for SPGC. This result of Corneil motivates the study of the various 
classes of self-complementary perfect graphs. In this thesis we study the self-complementary 
chordal graphs, a class of self-complementary perfect graphs. 

In Chapter 1 entitled ‘Introduction’ we discuss briefly about the various results on s.c. 
graphs and chordal graphs available in the literature. 

In Chapter 2 entitled ‘On the characterisations for self-complementary graphs to be 
chordal’ we obtain the following characterisations. 

(i) Let G be a self-complementary (s.c.) graph. Then G is chordal if and only if a;(G) = 2n 

when p = 4n and a;(G) = 2n -h 1 when p = An + 1 where p denotes the number of 
vertices of G and uj{G) denotes the clique number of G. 

(ii) Let G be a s.c. graph. Then G is chordal if and only if a;(G) = 2n when p = An and 

q;(G) = 2n -I- 1 when p = An+1 where q:(G) denotes the stability number of G. 

(iii) Let G be a s.c. graph. Then G is chordal if and only if G has no induced subgraph 
isomorphic to C 4 when p = An and G has no induced subgraph isomorphic to C 4 or G5 
when p = 4n -I- 1 where G„ denotes the cycle with n vertices. 

(iv) Let G be a s.c. graph with degree sequence d\ > d 2 '>•••> dp- Then G is chordal if 

and only if Ei=i di = - 2n when p = 4n and Ef=i di = 6 n^ when p = 4n -h 1. 

The results (i) and (ii) have been published in reputed journals [204] and [205]. 

In Chapter 3 entitled ‘On the existence and the construction of self-complementary 
chordal graphs’ we prove that s.c. chordal graphs with p vertices exist if and only if p = 4n or 
p = 4n -f 1 for some positive integer n. We also give algorithms to construct all s.c. chordal 
graphs with 4n and 4n + 1 vertices for all positive integers n. Though these algorithms 
construct all s.c. chordal graphs with 4n and 4n -I- 1, vertices they may construct the same 
graph (with diS'erent labellings) repeatedly. So the isomorphism problem of s.c. chordal 
graphs plays a major role in the catalogue compilation of s.c. chordal graphs (list of non- 
isomorphic s.c. chordal graphs). 

In Chapter 4 entitled ‘On the isomorphism and the catalogue compilation of self- 
complementary chordal graphs’ we prove that the isomorphism of s.c. chordal graphs, the 
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isomorphism of s.c. chordal graphs with 4n vertices and the isomorphism of s.c. chordal 
graphs with 4n+l vertices are polynomially equivalent. Alter [5], Faradzhev [78], Kropar et. 
al. [127], Morris [143] and Venkatachalam [225] had compiled the catalogue of s.c. graphs 
with a few vertices (upto 12 vertices). From these we recognise those graphs which are 
chordal by using the recognition algorithms given in this chapter and obtain the catalogue 
of s.c. chordal graphs with atmost 12 vertices. We also obtain the catalogue of s.c. chordal 
graphs with 13 vertices by giving a method for obtaining all non-isomorphic s.c. chordal 
graphs with 4n4-l vertices from the set of all non-isomorphic s.c. chordal graphs with 4n 
vertices. 

The results in Chapters 3 and 4 have been submitted for publication [206] and [207]. 
Graph parameters had been studied because of the usefulness in determining the struc- 
ture of the graph. In Chapter 5 entitled ‘Self-complementary chordal graphs and some graph 
parameters’ we study the following graph parameters for s.c. chordal graphs. 

(a) Chromatic number. 

(b) Chromatic index. 

(c) Domination number. 

(d) Spectrum. 

In Section 5.2 of Chapter 5 we prove that the chromatic number of s.c. chordal graphs 
with 4n vertices is 2n and that of s.c. chordal graphs with 4n-t-l vertices is 2n-f 1. We also 
get bounds on the chromatic number of s.c. perfect graphs. We prove that the upper bounds 
are attained if and only if the graph is s.c. chordal. 

In Section 5.3 of Chapter 5 we give a sufficient condition for a s.c. chordal graph with 
4n vertices to be a Class 1 graph (a graph whose chromatic index is equal to its maximum 
degree) and establish the Class 1 property for some classes of s.c. chordal graphs with 4n 
vertices. We also obtain bounds for the chromatic index of s.c. chordal graphs. 

In Section 5.4 of Chapter 5 we prove that the domination number and the independent 
domination number can be atmost 2n for s.c. chordal graphs with 4n vertices and atmost 
2n-|-l for s.c. chordal graphs wnth 4n-i-l vertices. 



IX 


In Section 5.5 of Chapter 5 we prove that the least positive integer for which there exist 
cospectral s.c. chordal graphs is 12. We also obtain bounds for the maximum eigen-value of 
a s.c. chordal graph. 

In Chapter 6 entitled ‘Conclusion’ we offer some research problems on s.c. chordal 
graphs. 
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Chapter 1 


Introduction 

1.1 General introduction 

Perfect Graphs and several classes of perfect graphs had been studied because of the nice 
combinatorial structure and interesting applications [24], [52], [77], [101], [102], [179], [220] 
and [221], 

The four problems, namely, 

(i) finding the clique number of a graph 

(ii) finding the chromatic number of a graph 

(iii) finding the stability number of a graph 

(iv) finding the clique covering number of a graph 

which are NP-hard in general [91] can be solved in polynomial time when restricted to perfect 
graphs [105], This result has intensified the algorithmic interest in perfect graphs. Soon after 
the introduction of perfect graphs many started to identify these graphs. Berge [16] showed 
that many familiar classes of graphs such as chordal graphs (also known as triangulated 
graphs in the literature), comparability graphs, interval graphs, unimodular graphs and 
line graphs of bipartite graphs are perfect. Foldes and Hammer [85] established that split 
graphs belong to the class of chordal graphs. Thus these graphs are also perfect. The idea 
of splittance of a graph namely, the minimum number of edges to be added or deleted in 
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order to produce a split graph was introduced by Hammer and Simone [109]. According 
to this definition split graphs are those graphs whose splittance is zero. Interval graphs (a 
class of perfect graphs) became popular because of its applications in traffic light phasing 
[179], seriation [101] (that is an attempt to place a set of items in their proper chronological 
order) and certain other optimization problems [101] and [179]. Hajos [107] first posed the 
problem of characterising interval graphs. The famed molecular biologist Benzer [11] was 
also trying to find the answer to a related problem in his investigations of the fine structure 
of the gene. The first characterisation of interval graphs appeared in 1962 by Lekkerker and 
Boland [130] followed by Gilmore and Hofiinann [99]. Fulkerson and Gross [89] gave still 
another characterisation. Interval graphs are perfect because they are chordal [99]. Closely 
related to interval graphs are circular-arc graphs. Every interval graph is a circular-arc graph 
but the converse is not true. Circular-arc graphs are not perfect in general. For example 
C'zfc+i for all fc > 2 belong to this class and are not perfect. We refer to [120], [137], [210], 
[211] and [223] for applications of these graphs. Pneuli et. al. [155] proved that a graph 
C? is a permutation graph if and only if G and G are comparability graphs. This implies 
that permutation graphs are perfect. Isomorphism of permutation graphs has been studied 
in [64]. For other results on perfect graphs and their applications we refer to [13], [15], [17], 
[18], [19], [20], [21], [22], [23], [25], [29], [48], [49], [50], [53], [198], [230], [100], [101], [110], 
[118], [119], [132], [135], [138], [148], [157], [169], [170], [176], [179], [194], [195], [212], [219] 
and [224]. 

Motivated by Shannon's work [195] in 1962 Berge [14] posed the following conjecture 
(see also [24] and [101]). 

Conjecture 1.1 : For a graph G the following conditions are equivalent. 

(i) G is a-perfect. 

(ii) G is x-psrfect. 

(iii) G has no induced subgraph isomorphic to C 2 k+i or C 2 k+i for k >2. 

During the initial stages the concepts of a-perfectness and x-perfectness were thought to 
be distinct and a perfect graph was defined to be a graph which is both x-perfect and o- 
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perfect. Lovasz [133] established that a graph is ^"Perfect if and only if it is a-perfect. This 
is called the Perfect Graph Theorem. Lovasz in [132] gave another equivalent condition for a- 
perfectness and x-perfectness. Golumbic in [101] observed that the Perfect Graph Theorem 
had been almost proved by Fulkerson. As a consequence of the Perfect Graph Theorem, 
Conjecturel.l reduces to Conjecture 1.2. 

Conjecture 1.2 : A graph is a perfect graph (x-pcrfect or a-perfect) if and only if it has 
no induced subgraph isomorphic to C^k-k-x or C 2 k+x for all k > 2 . 

Conjecturel.2 is called the Strong Perfect Graph Conjecture (SPGC) and it is still 
unsettled. A class of graphs is said to be valid for a conjecture if the conjecture is true 
for this restricted class of graphs. Many special classes of graphs called Ai^s-free graphs 
[152], toroidal graphs [104], {K 4 — e)-free graphs [153], planar graphs [221] and many other 
classes of graphs [42], [230], [129], [136], [146] and [222] were shown to be valid classes 
for SPGC. A class of graphs is said to be complete for a conjecture if the truth of the 
conjecture on this class implies the truth of the conjecture in general. Cornell [70] has 
identified self-complementary graphs, regular graphs and various other classes of graphs 
to be complete classes for SPGC. This result of Cornell motivates the study of various 
classes of self-complementary perfect graphs and self-complementary imperfect graphs. In 
this thesis we study the self-complementary chordal graphs, a class of self-complementary 
perfect graphs. For various other results on SPGC we refer to [37], [139], [147], [170], [208] 
and [220]. 

The class of self-complementary chordal graphs enjoy both the properties of self-complement 
graphs and the properties of chordal graphs. The class of self-complementarj^ graphs and the 
class of chordal graphs had been widely studied in the literature. We discuss briefly about 
the various results available in these two classes. 

(i) Self-complementary graphs (s.c. graphs) ; The existence problem of s.c. graphs 
was solved independently by Ringel [178] and Sachs [190]. They prove that s.c. graphs with 
p vertices exist if and only if p=4n or p=4n-M for some positive integer n. Ringel [178] 
obtained algorithms to construct s.c. graphs with 4n and 4n-l-l vertices. Algorithms for 
constructing s.c. graphs with 4n and 4n-l-l vertices were also obtained by Gibbs [98] by 
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modifying Ringel's algorithms. Harary [111] posed the problem of counting non-isomorphic 
s.c. graphs given the number of vertices. A complete solution for this problem was given 
by Read [171] and [172]. His method is based on enumertion theory originated by Redfield 
[175] and Polya [156] developed further by DeBruijn [35] and [36] and Harary et. al. [113]. 
The number of s.c. graphs (non-isomorphic) Sp for a given number of vertices p is given in 
the following table for p < 17. 


p 

1 

4 

5 

8 

9 

12 

13 

16 

17 

H 

D 

1 

2 


36 

720 

5600 

703760 

11220000 


An asymptotic formula for Sp as p -> oo was derived by Palmer [149]; see also Robinson 
[180], Sridharan [203] and Schwenk [192]. Further results concerning enumeration of s.c. 
graphs can be found in [3], [115], [149], [154], [172], [173], [202], [203] and [209]. The prob- 
lem of deciding whether two given graphs are isomorphic or not is called the isomorphism 
problem. Isomorphism of s.c. graphs and regular s.c. graphs was discussed by Colboum et. 
al. [65] and [66]. They prove that the isomorphism of these classes is polynomially equivalent 
to the general graph isomorphism. The problem of deciding whether a given graph is s.c. 
or not is called the recognition problem of s.c. graphs. Colbourn et. al. [65] prove that 
the recognition of s.c. graphs is polynomially equivalent to the general graph isomorphism. 
Catalogue of s.c. graphs with small number of vertices was compiled by Alter [5], Faradzhev 
[78], Kropar et. al. [127], Morris [143] and Venkatachalam [225]. Clapham and Kleitman 
[61] had obtained a necessary and sufficient condition for a degree sequence to be the degree 
sequence of a s.c. graph. Further results on the degree sequence of s.c. graphs are obtained 
in [46], [57], [73] and [74]. The existence of paths or cycles of prescribed length in s.c. graphs 
was investigated by Camion [41], Clapham [55] [56] and [58] and Rao [164] [165] [166] and 
[167]. In Camion [41] and Clapham [55] and [58] it is proved that each s.c. graph has a 
Hamiltonian path. S.c. graphs with atmost 5 vertices have an odd number of Hamiltonian 
paths and s.c. graphs vdth atleast 6 vertices have an even number of Hamiltonian paths [41] 
and [166]. According to Rao [163] each s.c. graph with p vertices p > 5 has a cycle of length 
i for each 2<i <p- 2 but need not have a cycle of length p-loip. However if it does have 
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a Hamiltonian cycle then it contains cycles of all lengths 2 < i < p (pancyclic) [163]. The 
problem of the existence of Hamiltonian cycle in s.c. graphs was solved by Rao [165]. Results 
on the number of triangles in s.c. graphs was given by Clapham [54], Radhakrishnan Nair 
et. al. [160] and Rao [167]. Chao et. al. [45] studied the s.c. graphs with a given chromatic 
number. They prove that for each n the maximum number of vertices of any n — chromatic 
s.c. graph is n^. Further, for n > S they constructed n-chromatic s.c. graphs of diameter 
2 and 3. Shannon capacity of s.c. graphs was investigated by Lovasz [134], Various other 
results on s.c. graphs can be found in [2], [6], [8], [34], [51], [47], [56], [59], [60], [71], [88], 
[114], [140], [161], [162], [168], [187], [188], [189], [191], [213], [235] and [236]. 

(ii) Chordal graphs : Chordal graphs are also known as triangulated graphs, rigid circuit 
graphs, monotone transitive graphs and perfect elimination graphs in the literature. This 
class of perfect graphs has been extensively studied in the literature [12], [24], [39], [43], [75], 
[76], [80], [93], [94], [97], [101], [102], [106], [121], [177], [179], [181], [182], [183], [196], [199], 
[200] and [218]. Chordal graphs were introduced by Hajnal and Suranyi [106]. They prove 
that these graphs are o-perfect. Berge [12] proved the ^-perfectness of these graphs. These 
graphs find applications in evolutionary trees [39], archaeology [38], facility location [44], 
scheduling [150] and solutions of sparse systems of linear equations [182]. Many graph prob- 
lems including the four classical optimization problems that are NP-hard for general graphs 
can be solved in polynomial time in chordal graphs [91] though testing Hamiltonicity [67], de- 
termining the domination number [31] and other problems [91] and [123] are NP-Complete 
for this class too. A concept called Perfect Elimination Ordering (PEO) is important in 
chordal graphs. It turns out that all the existing chordal graph recognition algorithms and 
many optimization problems including the four classical ones in chordal graphs make use 
of PEO [91], [101], [131], [181], [184], [197], [215] and [216]. Fulkerson and Gross [89] char- 
acterised these graphs as the graphs having a perfect elimination scheme. Dirac [75] shows 
these graphs as the graphs for which every minimal vertex separator induces a complete 
subgraph. Buneman [39], Gavril [95] and Walter [229] prove that a graph is chordal if and 
only if it is an intersection graph of the subtrees of a tree. Various other characterisations of 
chordal graphs are given in [10], [24] and [101]. Various subclasses of chordal graphs namely, 
split graphs, strongly chordal graphs, threshold graphs, interv’al graphs and k-trees had been 



Chapter 1 


6 


studied in [7], [9], [11], [26], [27], [30], [32], [40], [50], [80], [84] [85], [ 86 ], [87], [89], [99], [102], 
[109], [ 110 ], [126], [130], [158], [159] [183], [ 201 ] and [231]. Chordal graphs are discussed in 
[96], [124], [128], [142], [144], [185], [186], [214], [218], [228], [229], [233] and [234]. 

1.2 Outline of the thesis 

In this thesis we study the class of s.c. chordal graphs which is a subclass of the class of s.c. 
perfect graphs. 

In Chapter 2 entitled ‘On the characterisations for self-complementary graphs to be 
chordal’ we obtain the following characterisations. 

(i) Let G be a s.c. graph. Then G is chordal if and only if a;(G) = 2 n when p = An and 

o;((j) = 2n 4- 1 when p = 4n -f 1 where p denotes the number of vertices of G and u}{G) 
denotes the clique number of G. 

(ii) Let G be a s.c. graph. Then G is chordal if and only if Oi{G) = 2 n when p = An and 

ot{G) = 2 n + 1 when p = 4n - 1- 1 where a{G) denotes the stability number of G. 

(iii) Let G be a s.c. graph. Then G is chordal if and only if G has no induced subgraph 
isomorphic to C 4 when p = 4n and G has no induced subgraph isomorphic to or C 5 
when p = 4n + 1 where C„ denotes the cycle with n vertices. 

(iv) Let G be a s.c. graph with degree sequence di > d 2 > "•> dp. Then G is chordal if 
and only if di = 6 n^ — 2n when p = 4n and di = 6 n^ when p = 4n + 1. 

Characterisations (i) and (ii) had been published in reputed journals [204] and [205]. 

In Chapter 3 entitled ‘On the existence and the construction of self-complementary 
chordal graphs’ we prove that s.c. chordal graphs with p vertices exist if and only if p = 4n or 
p = 4n -I- 1 for some positive integer n. We also give algorithms to construct all s.c. chordal 
graphs with 471 and 4n -f 1 vertices for any positive integer n. Though these algorithms 
construct all s.c. chordal graphs with 4n and 4n -f 1 vertices, they may construct the same 
graph (with different labellings) repetitively. So the isomorphism problem of s.c. chordal 
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graphs plays a major role in the catalogue compilation of s.c. chordal graphs (list of non- 
isomorphic s.c. chordal graphs). 

Isomorphism problem is still unsolved inspite of the several attempts made by many re- 
searchers to solve it [33] [63] [65] [66] [68] [69] [92] [123] and [174]. Isomorphism of s.c. chordal 
graphs apart from playing an important role in the catalogue compilation of s.c. chordal 
graphs seems to have close relationship with the solvability of the isomorphism problem. It 
appears that the isomorphism problem is solvable if and only if it is when restricted to s.c. 
chordal graphs. In Chapter 4 entitled ‘On the isomorphism and the catalogue compilation 
of self-complementary chordal graphs’ we prove that the isomorphism of s.c. chordal graphs, 
the isomorphism of s.c. chordal graphs with 4n vertices and the isomorphism of s.c. chordal 
graphs with 4n-|-l vertices are polynomially equivalent. Alter [5], Faradzhev [78], Kropar et. 
al. [127], Morris [143] and Venkatachalam [225] had compiled a catalogue of s.c. graphs with 
a few vertices (upto 12 vertices). Prom this catalogue we recognise those graphs which are 
chordal by using the recognition algorithms given in this chapter and obtain the catalogue 
of s.c. chordal graphs with atmost 12 vertices. We also obtain the catalogue of s.c. chordal 
graphs with 13 vertices by giving a method for obtaining all non-isomorphic s.c. chordal 
graphs with 4n-l-l vertices from the set of all non-isomorphic s.c. chordal graphs with 4n 
vertices. 

The results in Chapters 3 and 4 have been submitted for publication [206] and [207]. 
In Chapter 5 entitled ‘Self-complementary chordal graphs and some graph parameters’ 
we study the following graph parameters for s.c. chordal graphs. 

(a) Chromatic number. 

(b) Chromatic index. 

(c) Domination number. 

(d) Spectrum. 

In Section 5.2 w'e study the chromatic number of s.c. chordal graphs. We prove that the 
chromatic number of s.c. chordal graphs with 4n vertices is 2n and that of s.c. chordal 
graphs wdth 4n-|-l vertices is 2n-bl. We also obtain boimds for the chromatic number of s.c. 


Chapter 1 


8 


perfect graphs and prove that the upper bounds are attained if and only if the graph is s.c. 
chordal. In Section 5.3 of Chapter 5 we study the chromatic index of s.c. chordal graphs. 
We give a suflScient condition for a s.c. chordal graph with 4n vertices to be a Class 1 graph 
and establish the Class 1 property for some classes of s.c. chordal graphs with 4n vertices. 
We also obtain bounds for the chromatic index of s.c. chordal graphs. In Section 5.4 we 
study the domination number of s.c. chordal graphs. In this we prove that the domination 
number and the independent domination number can be atmost 2n for s.c. chordal graphs 
with 4n vertices amd atmost 2n+l for s.c. chordal graphs with 4n+l vertices. In Section 
5.5 we discuss the spectrum of s.c. chordal graphs. In this we prove that the least positive 
integer for which there exist cospectral s.c. chordal graphs (s.c. chordal graphs with same 
spectrum) is 12. We also obtain bounds for the maximum eigenvalue of a s.c. chordal graph. 

In Chapter 6 entitled ‘Conclusion’ we offer some research problems on s.c. chordal 
graphs. 

1.3 Basic definitions and notations 

In this thesis □ denotes the end of a proof. Let r be a real number. The greatest integer 
less than or equal to r and the smallest integer greater than or equal to r are denoted by 
[rj and [r] respectively. Let m, n and b be non-negative integers such that n<b. Then 
m = n (mod 6) if m = bj + n for some non-negative integer j. The sum of a sequence of n 
integers oi, 02 , . . . , a„ is denoted by E?=i o.i- The empty set is denoted by 0. Let A" be a set. 
The number of elements in X, an element x belongs to X and an element x does not belong 
to X are denoted by |A'’|, x € A and x ^ X respectively. Let x € X. The set X - {x} is the 
set obtained from A by removing the element x. The union and the intersection of two sets 
A and V are denoted by A U y and XnY respectively. A set V that is contained in a set A 
is denoted by Y C X. Let y C A”. We denote Xi^Y implies x,+i € y for all 1 < i < n — 1 
as Xi =^>- X 2 => • • • x„ € y. 

For the basic definitions and the notations related to the graphs we refer to [34], [101], 
[112] and [151]. 

Oefinition 1 ; A graph G consists of a finite non-empty set V(G) called the set of vertices 
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together with a prescribed set E( G) of unordered pairs of distinct vertices of G. The number 
of vertices and the number of edges of a graph G are denoted by p and q respectively. Each 
pair [u, v] G E{G) is said to be incident with the vertices u and v and the vertices u and v are 
said to be adjacent. Two veHices u and v of G are non-adjacent if they are not adjacent. If 
ivjo sdiQSS QfTG tTicidsTit zuith d cottittioti vdTtcx ifiQTi they cltc 2-(lj2ic0iit 6cl^0S Let v he cl veTtex 
of G and W be a subset of V(G) not containing the vertex v. The set of all edges incident 
with V and a vertex in W is denoted by [v,W]. Let U and W be disjoint subsets of V(G). 
The set of all edges incident with a vertex in U and a vertex in W is denoted by [U, WJ. 

Definition 2 ; Let G be a graph. The degree of a vertex v in G is the number of edges 
incident with it and it is denoted by dega{v). The maximum degree of G is denoted by A{G). 
If all the vertices of a graph have the same degree then it is called a regular graph. 

Definition 3 ; The degree sequence of a graph G is the sequence of the degrees of the p 
vertices of G arranged in non-increasing order which is denoted by di > d2 >•••> dp. 

Definition 4 : Let G be a graph. For a vertex v of G the set Nhdc{v) is the set of all 
vertices which are adjacent to v in G. 

Definition 5 : A subgraph H of a graph G is a graph having all of its vertices and edges 
in G. 

Definition 6 : Let G be a graph. For any set V such that V C V(G), the vertex induced 
subgraph < V' > is the maximal subgraph of G with V as the vertex set. 

Definition 7 : Let G be a graph. For any set E' such that E' C E{G), the edge induced 
subgraph < E' > is the subgraph of G with V as its vertex set and E' as its edge set where 
V consists of all the vertices incident with the edges in E'. 

Definition 8 ; ^4 walk of a graph G is an alternating sequence of vertices and edges 
Uo, Cl, ui, 62, U2, . . . , Un— 1? 6)15 beginning and ending with the vertices in which each edge is 

incident with the two vertices immediately preceding and following it. This walk joins vo and 
t)„. A walk is closed if Vq = Vn- A walk is a path if all the vertices (and thus all the edges) 
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are distinct. A path consisting of n vertices is denoted by P„. A closed path is called a cycle. 
A cycle consisting of n vertices is denoted by Cn. A vertex induced subgraph of a graph G 
which is a cycle is called an induced cycle of G. 

Definition 9 : A graph is C74-free if it does not have any induced C 4 . 

Definition 10 ; A graph is connected if every pair of vertices is joined by a path. A maximal 
connected subgraph of a graph G is called a component of G. 

Definition 11 ; Let G be a graph. For a vertex v of G, the graph G — v is obtained by 
deleting the vertex v and all the edges incident with it. 

Definition 12 ; Let G be a graph with vertices. Let U = {v E. V{G) : degciv) > 2n}. 
Let uq be a vertex not belonging to V(G). The graph Gu o uq has V{G) U {uq} its vertex 
set and E{G) U E' as its edge set where E' is the set of edges obtained by joining uq to all 
the vertices of U. 

Consider the graph G with 8 vertices shown in Figure 1.1(a). The graph GuOUq where 
U — {v E V{G) : degaiv) > 4} and uq is a vertex not belonging to V (G) is shown in Figure 
1.1(b). 

Definition 13 ; A bipartite graph G is a graph whose vertex set V(G) can be partitioned 
into two subsets Vi and V 2 such that every edge of G is incident with a vertex of Vi and a 
vertex ofY^. 

Definition 14 .• A graph is said to be complete if every pair of its vertices are adjacent. A 
complete graph with p vertices is denoted by Kp. The graph 2 K 2 has two components each of 
which is K 2 . A clique of a graph is a maximal complete subgraph of the graph. A clique C 
of a graph G is maximum if there is no other clique of G with more number of vertices than 
the number of vertices in C. For a graph G the number of vertices in a maximum clique of 
G is called the clique number of G and it is denoted by w(G). 

Definition 15 : Let G be a graph. A subset S of G is a stable set (also called an independent 
set in the literature) if no two vertices of S are adjacent in G. A stable set of G which has 



Chapter 1 


11 


maximum number of vertices in it is called a maximum stable set of G. The number of 
vertices in a maximum stable set of G is called the stability number of G and it is denoted 
by a{G). 

Definition 16 : A clique cover of order k of a graph G is a partition of its vertex set V(G) 
into k subsets Vi, • • ■ > ^ such that each < Vi > is a clique of G. A clique cover of a graph 
G with smallest order is called a minimum clique cover of G. The order of a minimum clique 
cover of a graph G is called the clique cover number of G and it is denoted by 0{G). 

Definition 17 : A proper vertex coloring of a graph G is assigning colors to the vertices 
of G such that no two adjacent vertices are assigned the same color. The chromatic number 
x(G) of a graph G is the minimum number of colors needed to properly color the vertices of 
G. 

Definition 18 : A proper edge coloring of a graph G is assigning colors to the edges of G 
such that no two adjacent edges are assigned the same color. The chromatic index x'{^) 
a graph G is the minimum number of colors needed to properly color the edges of G. A graph 
G is said to be a Class 1 graph if x^(G) = A((?) and a Class 2 graph if x'{G) — A(G) + 1. 

Definition 19 ; A graph G is x-perfect if x{H) = w[H) for every induced subgraph H of 
G. A graph G is a-perfect if (x{H) = 9{H) for every induced subgraph H of G. A graph G is 
perfect if it is x-peJ'/ccf (or equivalently it is a-perfect). 

Definition 20 ; A graph is chordal if it has no induced cycle Cn for all n > 4. 

Definition 21 ; A graph is split if its vertex set can be partitioned into V' and S such that 
<V'> is a clique of G and S is a stable set of G. 

Definition 22 ; Let G be a graph with p vertices whose vertices are labelled l,2,...,p. For 
G its adjacency matrix is defined as the p x p matrix (Oy ) where Oy is defined as follows. 

1 if[i,j]eE{G) 

0 otherwise 
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Definition 23 ; The eigen values of a graph G are the eigen values of the adjacency matrix 
of G obtained by labelling the vertices of G as l,2,...,p. The eigenvalues of a graph constitute 
its spectrum. Two graphs are cospectral if they have the same spectrum. Maximum of the 
eigen values of a graph G is called the maximum eigen value of G and it is denoted by 

^max (^) • 


Definition 24 : The eigen vectors of a graph G are the eigen vectors of the adjacency 
matrix of G obtained by labelling the vertices of G as l,2,...,p. 

Definition 25 ; Let G be a graph. A dominating set of G is a subset D of V(G) such 
that each vertex of V (G) — D is adjacent to atleast one vertex of D. A dominating set D of 
G is called a minimum dominating set if there is no other dominating set of G with lesser 
number of elements than D. The domination number 5o{G) of G is the number of vertices in 
a minimum dominating set of G. A dominating set of G which is also a stable set is called 
a kernel of G. A kernel D of G is called a minimum kernel of G if there is no other kernel 
of G with lesser number of elements than D. The independent domination number 5i{G) of 
G is the number of vertices in a minimum kernel of G. 

Definition 26 : Two graphs G' and G" are isomorphic if there exists a one-to-one corre- 
spondence between the vertex sets of G' and G" which preserves adjacencies of the vertices. 
Such a one-to-one correspondence is called a vertex isomorphism of G' onto G" and is de- 
noted by Ip. If G' and G" are isomorphic then we denote it by G' = G" . Two graphs are 
non-isomorphic if they are not isomorphic. 

Definition 27 ; Let G' and G" be two isomorphic graphs and let xp be an isomorphism ofG' 
onto G" . For every subset U ofV(G') the set xp{U) C V{G") is defined as xp{U) = {xp{u) € 
V{G") :uEU}. 

Definition 28 ; The problem of verifying whether two given graphs are isomorphic or not 
is called the isomorphism problem. The isomorphism problem of a class of graphs T is called 
the isomorphism of IF. 

Definition 29 ; A graph parameter is a number or a set of numbers associated with graphs 
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such that for any two isomorphic graphs the graph parameter is the same. 

Definition 30 ; The complement G of a graph G has V( G) as its vertex set and two vertices 
are adjacent in G if and only if they are non-adjacent in G. 

Definition 31 ; A graph G is self-complementary (s.c.) if it is isomorphic to its complement 
Q. The number of non-isomorphic s.c. graphs with p vertices is denoted by Sp. 

Definition 32 ; A complementing permutation (c.p.) a of a s.c. graph G is a vertex 
isomorphism of G onto G. A c.p. a of G can be written as product of disjoint permutation 
cycles denoted by Og since G and G have the same vertex set. Let J C { 1 , 2 ,. 

The product of the permutation cycles cr^s such that i G J is denoted by Ilig jctj . The product 
i is denoted by a fax. 

Definition 33 ; Let G be a s.c. graph and let a = aio-^ • ■•Og where (Xi = {viiVi 2 • • • VipJ be a 
c.p. of G. If a has a single permutation cycle (that is when $=1 ) the vertices V\\,Vx 2 , , fip 
are identified with the labels l,2,...,p respectively. 

Definition 34 ; Let G be a s.c. graph and a = < 7 i <73 •• - crs where Ui = {vuVa • • • Vip.) be a 
c.p. of G. A vertex Vij of Oi is even or odd labelled if the subscript j of Vij is even or odd 
respectively. The set consisting of all even labelled vertices of ai and the set consisting of 
all odd labelled vertices of ai are denoted by Even{ai) and Odd{ai) respectively. The sets 
Even{a) and Odd{a) are defined to be U*_i£^uen(cr,) andU-_iOdd(cri) respectively. The sets 
Even^a) and Odd{a) are called the set of even labelled vertices of a and the set of odd labelled 
vertices of a respectively. 

Definition 35 : Let G be a s.c. graph and let a = aia 2 '• - ag be a c.p. of G. The length of 
a permutation cycle ai is the number of vertices present in it. 

Definition 36 : Let G be a s.c. graph and let a be a c.p. of G. The vertex a{v) is the image 
of a vertex v under a. The notation a^ denotes a multiplied k times. For a set U C V(G), 
<x^{U) is defined as the set of all vertices a^[u) such that u^U. 

Let G be a s.c. graph with a c.p. a. Ringel [178] and Sachs [190] proved that the 
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length of every permutation cycle of a is divisible by 4 when p=4n and the length of every 
permutation cycle of a is divisible by 4 except for a single permutation cycle of length 1 
when p=4n+l. 

Definition 37 ; Let G be a s.c. graph with p=4n. A c.p. a* = crJcTj-'-a* of G where 
ol = {vi\Vi 2 • • • Vip.) such that [t;i 2 , Vi 4 ] € E{G) for alll <i < s is called a star c.p. of G. 

Consider the s.c. graph G shown in Figure 1 . 2 . The permutation 
(2 3 4 1 ) (5 6 7 8 ) on the vertices of G is a c.p. whereas it is not a star c.p. since [3, 1 ] ^ E{G). 

The permutation (1 2 3 4) (5 6 7 8 ) is a star c.p. of G. 

Definition 38 : Let G be a s.c. graph with p=4n+l and a c.p. a = aicra • •• Os . IFe assume 
cTi to be the permutation cycle of length 1 and denote the vertex present in Oi by vq. The 
vertex vq is called the fixed vertex of a. 

Definition 39 : Let G be a s.c. graph with p=4n+l. A c.p. a* = ••• cr* of G where 

crj = (vq) and a* = {viiVi 2 • • • UjpJ for all2 <i < s is called a star c.p. of G if[vi 2 , ^, 4 ] € E{G) 
for all 2 < i < s. 

Consider the s.c. graph G shown in Figure 1.3. The permutation 
( 0 ) (2 3 4 1 ) (5 6 7 8 ) on the vertices of G is a c.p. whereas it is not a star c.p. since 

[3, 1] 0 E{G). The permutation (0)(1 2 3 4) (5 6 7 8 ) is a star c.p. of G. 

Remark: In Section2.3 we prove that every s.c. graph has a star c.p. (Theorem 2.6). 

Definition 40 ; A s.c. graph which is chordal is called a s.c. chordal graph. 

Definition 41 ; A s. c. graph which is perfect is called a s.c. perfect graph. 

Definition 42 ; A list of all non-isomorphic s.c. graphs with p vertices is called the cata- 
logue of s.c. graphs with p vertices. A list of all non-isomorphic s.c. chordal graphs with p 
vertices is called the catalogue of s.c. chordal graphs with p vertices. 

Definition 43 : An algorithm is said to run in 0(f(x)) time if the time taken by the al- 
gorithm is atmost cf(x) where c is a positive integer and x is the size of the input. In this 
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thesis for a s.c. chordal graph with or 4'^+l vertices we always take n to be the size of 
the input. 

Definition 44 ; An algorithm is said to be polynomially computable if the running time 
of the algorithm is 0(p(x)) where p(x) is a polynomial function. An algorithm is said to be 
computable in linear time if the running time of the algorithm is 0(p(x)) where p(x) is a 
polynomial of degree 1. 

Definition 45 ; The isomorphism of a class of graphs T\ is said to be polynomially re- 
ducible to the isomorphism of a class of graphs J ^2 if following hold. 

(i) There exists a polynomially computable algorithm which constructs a graph G' of from 

a graph G of J^i. 

(ii) Two graphs Gi and G 2 of are isomorphic if and only if the graphs G[ and G '2 of T 2 

( constructed by the polynomially computable algorithm) are isomorphic. 

Definition 46 ; The isomorphism of two classes of graphs !Fi and JF 2 o.re polynomially 
equivalent if the isomorphism of Tx is polynomially reducible to the isomorphism of T 2 and 


vice versa. 




Figure 1.1b 
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On the ch8iracterisations for 
self-complementary graphs to be 
chordal 


2 . 1 Introduction 

In the literature various characterisations were obtained for chordal graphs and some classes 
of chordal graphs like split graphs, interval graphs etc. For these we refer to [10], [24], 
[39], [75], [85], [89], [95], [101], [109] and [229]. In this chapter we obtain the following 
characterisations. 

(i) Let G be a s.c. graph. Then G is chordal if and only if w(G) = 2 n when p = 4n and 

uj{G) = 2 n -f 1 when p = 4n + 1 where p denotes the number of vertices of G and a;{G) 
denotes the clique number of G. 

(ii) Let G be a s.c. graph. Then G is chordal if and only if oc{G) = 2 n when p = An and 

Q'(G) = 2 n-l - 1 when p = 4n-l - 1 where p denotes the number of vertices of G and a(G) 
denotes the stability number of G. 

(iii) Let G be a s.c. graph. Then G is chordal if and only if G has no induced subgraph 
isomorphic to C 4 when p = 4n and G has no induced subgraph isomorphic to G 4 or 
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Cs when p = 4n + 1 where p denotes the number of vertices of G and (7„ denotes the 
cycle with n vertices. 

(iv) Let G be a s.c. graph with degree sequence > ^2 > • - • > dp. Then G is chordal if 
and only if Ei=i dj = 6 n^ - 2n when p = 4n and d, = 6 n^ when p = 4n + 1 where 
p denotes the number of vertices of G. 

The characterisations (i), (ii), (iii) and (iv) are obtained in Section 2.3, Section 2 . 4 , 
Section 2.5 and Section 2.6 respectively by using the results stated in Section 2 . 2 . 

2.2 Basic Results 

For obtaining the various characterisations for a self-complementary graph to be a chordal 
graph we use the following results available in the literature. 

Ringel [178] and Sachs [190] independently obtained the following result on the structure 
of a c.p. of a s.c. graph. 

Theorem 2.1 (Ringel [178], Sachs [190]) : Let G be a s.c. graph with a c.p. a. Then 

(i) the order of every permutation cycle of a is divisible by 4 if p=4n 

(ii) the order of every permutation cycle of a is divisible by 4, except for a single permutation 

cycle of order 1 if p=4n+l. 

Foldes and Hammer [85] had obtained the following characterisations for split graphs. 

Theorem 2.2 (Foldes and Hammer [85]) : Let G be a graph. Then G is a split graph if 
and only if G has no induced subgraph isomorphic to 2Ki, C 4 or C^. 

Theorem 2.3 (Foldes and Hammer [85]) : Let G be a graph. Then G is a split graph if 
and only if both G and G are chordal graphs. 

The following results are due to Hammer and Simone [109]. 
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Theorem 2.4 (Hammer and Simone [109]) : Let G be a graph with the degree sequence 
di ^ (h ^ ‘ ^ dp. Let Ai = max{i : di > i — 1, 1 < i < p}. Then G is a split graph 
implies co{G) = M. 

Theorem 2.5 (Hammer and Simone [109]) : Let G be a graph with the degree sequence 
di > d 2 > • ■ • > dp. Let Ai = max{i : d, > i — 1, 1 < i < p}. Then G is a split graph if and 
only if di = Ai{Ai-l) + Ef=A<+i di. 

2.3 A characterisation for self-complementary graphs 
to be chordal in terms of the clique number 

Lemma 2.1 ; Let G be a s.c. graph with a c.p. a. Let u and v be two vertices of G. Then 
[u, u] G E{G) if and only if [<7('u), cr(u)] ^ ■E(G). 

Proof: We note that [u, v] G E{G) if and only if [o’(n), o(i;)] E{G) for a is an isomorphism 
of G onto G. Also [cr(u), cr{v)] G E(G) if and only if [cr(u), o'(v)] ^ E{G). Hence [n, u] G E{G) 
if and only if [a(u), a(w)] ^ E{G). □ 

Lemma 2.2 ; Let G be a s.c. graph with a c.p. cr. Let u and v be two vertices of G. Then 

(i) [n, n] G E{G) if and only if [(T^*(u), G E{G) 

(ii) [n,u] G E{G) if and only if [£r^‘+^(u),cr^*+^(n)] ^ E(G) 
where i is a positive integer. 

Proof: (i) Let u and v be two vertices of G. We prove that [n,u] G E{G) if and only 
if [cr^^{u),(T^'{v)] G E{G) for all positive integers i, by induction on i. By Lemma 2.1 
[u,n] G E{G) if and only if [or(u),<T(n)] ^ E{G). Also by Lemma 2.1 [a(u),(7(n)] ^ E{G) if 
and only if [o^{u),a^{v)] G E{G). Hence [ti,n] G E{G) if and only if [ar^{u),a^{v)] G E{G). 
Therefore for t = 1 the result is true. Assume the result for i = k. That is [u,v] G 
E{G) if and only if [cr*(u),<r*(u)] G E[G). By Lemma 2.1 [cr2*(n), a^(u)] G E{G) if and 
only if ^ E(G). Also by Lemma 2.1 [o^'‘+^u),o^‘‘+^v)] ^ E{G) if and 
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only if € E{G). Hence by the assumption [u,u] € E{G) if and only if 

[cr^*''''2(u), G E{G). Therefore the result is true for i = fc + 1. 

(ii) By Lemma 2.1 [u,u] € E{G) if and only if [cr(u),(r(ii)] ^ E{G). By Lemma2.2(i) 
[cr(u),(j(u)] ^ E{G) if and only if [<72*'''^(u),(7^‘'''^(u)] ^ E{G) where i is a positive integer. 
Hence [u,u] € E{G) if and only if ^ E{G) where i is a positive 

integer. □ 

Existence of a star c.p. for every s.c. graph follows from the following result. 

Theorem 2.6 .* Let G be a s.c. graph. There exists a star c.p. a* of G. 

Proof: Let p=4n. Let a = aiaa • • • a, be a c.p. of G where Ci = {uiiu,2 • • • u,p,) for all 1 < i < 

s. By Lemma 2.1 either [uai ua] € E{G) or [cr(vii), a(ui3)] = [u,2, Ui4] G E{G) for all 1 < i < 

s. If [vi 2 , Ut4] G E{G) for all 1 < i < s, relabel the vertices vn, v^, as v*i, v* 2 , ..., v*p. 

respectively, for all 1 < i < s. Otherwise relabel the vertices Uii,Ui2, . . . ,Uj(p,_i),Utpi as 
respectively, for all 1 < i < s. Define a* = cr^a^-'-a* where a* = 

(v*iVi 2 ’ • • v*pj for all 1 < i < s. We note that [^*2,^*4] G E(G) for all 1 < i < s since 

k*2.yr4] = b^i 2 ,Vt 4 ] if K2,Ui4] G E{G) and if [wii.uol € E{G) for all 

1 < i < s. Also <j* is a c.p. of G since a is a c.p. of G. 

Let p=4n+l. Let a = a\a 2 • • • cr, be a c.p. of G where a\ = (uq) and <rf = (u,iUi2 • • • Uip.) 
for all 2 < I < s. By Lemma 2.1 either [uiijUis] G E{(G) or [cr(uii),a(ui3)] = \vi 2 ,Vi 4 ] G 

E{G) for all 2 < i < s. If [ui25t't4] € E{G) for all 2 < i < s, relabel the vertices 

^'tii^^i2, • • • ,Uip. as v*i,v* 2 , . . . ,v*p^ respectively, for all 2 < i < s. Otherw'ise relabel the 
vertices vn, Vi 2 , . . . , Ui(p.-i), v,p, as v^, ..., respectively, for all 2 < i < s. Define 

o* = ctJctj where <r* = (u,*iU,*2 • • • for all 2 < i < s. We note that [u’a, ^*4] G E{G) 
for all 2 < i < s since [u*2,t^i4] = [ui2,Ui4] if [ut2,Ui4] € E{G) and [u*2,wr4] = if 

[vfi) Uts] € E{G) for all 2 < i < s. Also a* is a c.p. of G since cr is a c.p. of G. □ 

The following result determines the degree sequence of the complement of a graph G 
from the the degree sequence of G. 

Theorem 2.7 : Let G be a graph with degree sequence di > d 2 > ■ ‘ • > dp. Then the degree 
sequence of G isp— 1 — dp>p — 1 — dp_i > • • • > p — 1 — di- 
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Proof: Let u be a vertex of G with degree d. Then p-l-d is the degree of n in G. □ 

The following result establishes a relation between the ith term and the (p — i + l)th 
term of the degree sequence of a s.c. graph. 

Theorem 2.8 : Let G be a s.c. graph with degree sequence di > > • • • > dp. Then 

di + dp-i+i = p — 1 where 1 < i < p. 

Proof: By Theorem 2.7 p—l—dp>p-l — dp-i > • • • > p — 1 — di is the degree sequence 
of G since G is a s.c. graph. Hence dj = p — 1 — dp_t+i for all 1 < i < p. O 

For a s.c. graph G with the degree sequence di > d 2 >'••> dp the following result 
determines the value of M where M = max{i : di >i — 1, 1 <i <p}. 

Theorem 2.9 ; Let G be a s.c. graph with the degree sequence 
di > d 2 > " ' > dp. Let M. — Tnax{i :d, >i — 1, l<i< p}. Then 

(i) M = 2n if p=4n 

(ii) M = 2n + l if p=4n+l. 

Proof: (i) Let p=4n. We prove that di > 2n for all 1 < i < 2n and dj < 2n — 1 for all 
2n + 1 < i < 4n. Let djt < 2n - 1 for some I < k < 2n. By Theorem 2.8 dp-k+i > 2n 
since d/t < 2n - 1. Also d* > dp-^+i since 1 <k <2n. Hence 2n - 1 > 2n, a contradiction. 
Therefore d,- > 2n for all 1 < i < 2n. Let d* > 2n — 1 for some 2n + 1 < A: < 4n. By 
Theorem2.8 dp-k+i < 2n — 1 since dk > 2n. Also dp-k+i > d* since 2n + 1 < fc < 4n. Hence 
2n — 1 > 2n, a contradiction. Therefore d^ < 2n — 1 for all 2n + 1 < i < 4n. We note that 
M = max{i : di > i — 1,1 < i < p} = 2n since di > 2n for all 1 < i < 2n and di <2n — l 
for all 2n + 1 < i < 4n. 

(ii) Let p=4n+l. We prove that dj > 2n for all 1 < i < 2n + 1 and dj < 2n for all 
2n+l <i < 4n+l. Let dk < 2n-l for some 1 < A: < 2n+l. By Theorem 2.8 dp_jk+i > 2n+l 
since dk < 2n~ 1. Also dp_*+i < dk since 1 < A: < 2n + 1. Hence 2n — 1 > 2n + 1, 
a contradiction. Therefore di > 2n for all 1 < i < 2n + 1. Let d* > 2n + 1 for some 
2n + 1 < A: < 4n + 1. By Theorem 2.8 dp_jt+i < 2n - 1 since d* > 2n + 1. Also d* < 
since 2n + 1 < A: < 4n + 1. Hence 2n — 1 > 2n + 1, a contradiction. Therefore d,- < 2n for 
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all 2n + 1 < i < 4n + 1. We note that M = max{i : di > i — 1, 1 < i < p} = 2n + !.□ 

The following result gives a necessary condition for a s.c. graph to be a split graph in 
terms of its clique number. 

Theorem 2.10 ; Let G be a s.c graph. Then G is a split graph implies 

(i) u}{G) = 2n if p= J^n 

(a) u{G) = 2n + 1 ifp=4^+l. 

Proof: Follows from Theorem 2.4 and Theorem 2.9. □ 

Lemma 2.3 : Let G be a s.c. graph. Let H be an induced subgraph of G. Then there exists 
an induced subgraph of G isomorphic to H. 

Proof: Let a be a c.p. of G. Let Vu be the vertex set of H. We note that < cr(Vff) > is an 
induced subgraph of G isomorphic to H since a is a c.p. . □ 

An upper bound for the clique number of a s.c. graph is obtained in the following 
Theorem. 

Theorem 2.11 ; Let G be a s.c. graph. Then 

(i) uj{G) < 2n if p=4n 

(ii) ui(G) <2n+l if p=4n+l. 

Proof: (i) Let p=4n. Let uj{G) > 2n + l. Let C be a maximum clique of G. Let K be a 
complete subgraph of C with 2n+l vertices. By Lemma2.3 there exists a subgraph S of G 
isomorphic to K. Let Vk be the vertex set of K. We note that Vj( and S can have atmost 
one common vertex since K is a complete subgraph of G and S is a stable set of G. Hence 
\yK U 5| > 4n + 1, thus a contradiction since \Vk U 51 < 4n. Therefore oj{G) < 2n. 

(ii) Let p=4n+l. Let u{G) > 2n + 2. Let C be a maximum clique of G. Let K be a complete 
subgraph of C with 2n+2 vertices. By Lemma2.3 there exists a subgraph S of G isomorphic 
to K. Let Ta' be the vertex set of K. We note that Vk and S can have atmost one common 
vertex since K is a complete subgraph of G eind S is a stable set of G. Hence > 47X+3, 

thus a contradiction since \Vk U 5| < 4n + 1. Therefore < 2n + !.□ 
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Theorem 2.12 ; Let G be a s.c. graph with a c.p. a = <ji(T 2 " '<^s where (Xi = {viiVi 2 • • • Vip,) 
for all 1 < i < s. Let Xi = {uy € ai} where I < i < s and let Yq = {1, 2, , s}. Then 
< Ui^j^i > is a s.c. graph with a c.p. aj = Iligjai where J 

Proof: Choose J C = {1, 2, . . . , s}. We note that aj = is a c.p. of < UigJ > 

since a is a c.p. of G. Hence < UteJ > is a s.c. graph. □ 

Corollary 2.1 ; Let G be a s.c. graph with p=4n+l. Let a = oia 2 ' • ‘cr, he a c.p. of G 

with Vq as its fixed vertex. Then G — vq is a s.c. graph with a c.p. a joy. 

Proof: Follows from Theorem2.12. □ 

Theorem 2.13 ; Let G be a s.c. graph with a star c.p. a* = ala^-’-crl where cr^ = 

(viiVi 2 • • • Vtp,) for all 1 < i < s. Let = {v^ 6 where 1 < i < 5 and let Ip = 

{1, 2, . . . , s}. Then < > is a s.c. graph with a star c.p. a*j — n,ej(T* where J CYq. 

Proof: Follows from the definition of star c.p. of a s.c. graph and Theorem 2.12. □ 

Corollary 2.2 .* Let G he a s.c. graph with p=4n+l. Let a* = ct’ctj •••a* be a star c.p. of 
G with Vo as its fixed vertex. Then G -Vo is a s.c. graph with a star c.p. a* jal. 

Proof: Follows from Theorem2.13. □ 

Lemma 2.4 ; Let G he a s.c. graph with a c.p. a = aicr 2 • • - ctj where a, = (uiiUia • • “yip,) 
for all 1 < i < s. Let V be a subset of V such that < V > is a complete subgraph of G. 

If Vtm € V and a(vim) € V for some vertex v,m of G then either vjn ^ V or a(vjn) ^ V 

for every vertex Vjn of G distinct from Vtm where l<i<s, l<j<s, l<m<Pi and 
l<n<pj. 

Proof: Let t;,m, o-{vim), Vjn and cr(t;j„) belong to V where Vtm and are two distinct 
vertices of G such that and 1 < i < s, 1 < j < s, 1 < m < p,- and 1 < n < pj. Then 
bim, Vjn] € E(G) and [cr{vim), cr{vjn)] € E{G) since < V' > is a complete subgraph of G. By 
Lemma2.1 [(r(rim)j ^ E}{G) since [uimi yjn] ^ E{G), a contradiction. □ 

Lemma 2.5 .* Let G be a s.c. graph with p=4n, o}{G) = 2n and a c.p. cr = (1 2*--4n) 
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where n > 2. Let C be a maximum clique of G and V be the vertex set of C. Then there 
eocists no vertex i of G such that i £ V' and a{i) G V’ where 1 < i < 4n. 

Proof: Let k eV and a{k) G V for some vertex \<k<4n. We note that [fc, a(fc)] G E{G) 
since k E V and o-(k) E V'. By Lemma2.1 [cr(&), cr^(A:)] ^ E{G) and by Lemma2.2 
[a^^-^{k),a^^{k)] = [a^^-\k),k] ^ E{G) since [A,<T(fc)] G E{G). Hence ^ V 

and ^ V. By Lemma2.2 either [a'(A:), ^ E{G) or = 

[a^^~^{k),k] ^ E(G). Hence either o'^(k) ^ V or ^ V since k eV and a{k) E V. 

By Lemma 2.4 atmost one vertex of each set {£r^(A:), a^{k)}, {(j^{k), (t^(A:)}, . . . , {cr‘*"~^(/:), 
belongs to V since k E V and a{k) G V. Hence either a^{k) or but not both and 

exactly one vertex of each set cr^{k)}, {o^{k), • • • > a^"’~^{k)} belongs 

to W since |V'| = 2n. Let a^{k) E V. By Lemma2.2 [a3(fc),(74(A:)] ^ E{G),[<7^{k),(7^{k)] ^ 
.E(G),...,[cr‘*"~®(fc),a^’*~^(fc)] ^ E{G) since [&,a(fc)] G E{G). Hence <7^(k) ^ o^{k) 
a'^{k) =» ••• G V. Therefore (T^{k) E V and cr^"“®(A:) G V. By Lemma2.2 

[k,a^{k)] 0 E{G) or a""(A:)] = [o^^-\k),k] ^ E{G). Hence u\k) ^ W or 

(7^^~^{k) ^ V since k E V, thus a contradiction to the fact that both cr^(k) E V' and 
^4n-3(j^) g y/ Therefore ^ V'. Then G V' since exactly one vertex of the ver- 

tices a-^(k) and cr‘^’^~^(k) belong to V'. By Lemma2.2 [( 7 ®(A:),a-®(A:)] ^ E(G),la‘^(k),a^(k)] ^ 
E(G), ..., [cr^"~^(k), a^'‘~^(k)] ^ E(G) since [fc, (7(fc)] ^ E(G). Hence a^’^~^(k) o-‘^"~^(k) => 

...=*► a‘‘(k) E V. Therefore a‘^{k) G V and cr^"“^(fc) G V. By Lemma 2.2 [or(/i:),cr^(A:)] ^ 
E{G) or [cr^"“2(fc),or^”+^(A:)] = [(7^”~2(fc),cr(fc)] ^ E{G). Hence either cr^{k) ^ V or 
cr*'^~^{k) ^ V since cr{k) E V, thus a contradiction to the fact that both a^{k) and a^^~^{k) 
belong to V . Therefore there exists no vertex i of G such that i eV and ff{i) E V for all 
1 < 2 < 4n. □ 

Lemma 2.6 ; Let G be a s.c. graph with p=4n, cv(G) = 2n and a c.p. a = (1 2"-4n) 
where n > 2. Let C be a maximum clique of G and V' be the vertex set of C. Then either 
V = Even{a) or V = Odd{a). 

Proof: By Lemma 2.1 either [1,3] ^ E{G) or [£r(l),£r(3)] = [2,4] E{G). 

Case i : We prove that V — Even{a) when [1, 3] ^ E{G). Let [1, 3] ^ E{G). We note that 
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|F'l = 2n since w(G) = 2n. Also \Even{a)\ = 2n and Even{a)nOdd{cr) = 0. Hence to prove 

V = Even{a) we prove that V does not have any odd labelled vertex. Let an odd labelled 
vertex 2r+l € V' for some 0 < r < 2n— 1. By Lemma2.2 either [2r + l,(T(2r+l)] € E{G) or 
[(7'‘"-H2r + l),or4"(2r+l)] = [a^^-\2r + l),2r + l] E E{G). Let [2r + l,a{2T + l)] E E{G). 
By Lemma2.5 exactly one vertex of each set {2r+l, <j{2r + 1)}, {< 7 ^( 2 r + 1), a^(2r + l)}, 
{a'‘"-2(2r + l),a^^-^(2r + 1)} belong to V since |y'| = 2n and <T^”(2r + 1) = 2r + 1. By 
Lemma2.2 [a^{2r -\-l),a\2r + 1)] ^ E{G),[a^{2r + l),(j\2r + 1)]^ E{G),. . 

+ l),cr^’*(2r + 1)] = [£7^"-^(2r + l),2r + 1] ^ E{G), since [2r + l,a(2r + 1)] 6 
E{G). Hence 2r + 1 a^"-2(2r + !)=)> <T^"-‘‘(2r + 1) =4- ••• a2(2r + 1) € V. 

Therefore the 2n vertices of C are 2r + l,a^(2r + 1), . . .,cr^”~^(2r + 1) since the vertices 
2r+l, cr^(2r+l), . . . , £7^”“^(2r+l) are mutually distinct. Also or^*(2r+l) is odd labelled where 
1 < i < 2n — 1. Hence V' = Odd(a) since |Odd(cr)| = 2n, thus a contradiction to the fact 
that [1,3] ^ E{G). Therefore [2r + l,a(2r + l)] ^ E{G). Then [a^”-H2r + l),2r + l] € £;(G) 
since either [2r + l,<T(2r + 1)] € E{G) or [(r^"~^(2r + l),2r + 1] € E{G). By Lemma 2.5 
exactly one vertex of each set {o’(2r + 1), a^(2r + 1)}, {cr^(2r + 1), a’^{2r + 1)}, . . . , 
{^4n-i(2^ + l),(T^"(2r + 1)} = {cr^”~^(2r + l),2r + 1} belong to V since IV'I = 2n. By 
Lemma2.2 [2r + 1, a{2r + 1)] ^ E{G), \a\2T + 1), c\2t + 1)] ^ E{G ), . . . , 

[^4n-2^2r 4- l),<T'^”~^(2r + 1)] ^ E{G) since [(7^"“^(2r + l),2r+ 1] E E{G) and 
a‘^^(2r + 1) = 2r + 1. Hence 2r + 1 =4>- a^(2r + 1) =4- a*{2r + 1) =4- • • • =4- a‘^""^(2r + 1)6 V. 
Therefore the 2n vertices of C are 2r + l,(T^(2r + 1 ),..., a^"~^(2r + 1) since the vertices 
2r + 1, £r^(2r + 1), . . . , a^”“^(2r + 1) are mutually distinct. Also cr^*(2r + 1) is odd labelled 
where 1 < i < 2n — 1. Hence V' = Odd{a) since \Odd{ar)\ = 2n, thus a contradiction to 
the fact that [1,3] ^ E{G). Therefore V’ does not have any odd labelled vertex. Hence 

V = Even{(T) when [1,3] ^ E{G). 

Case ii : We prove that V = Odd{a) when [2,4] ^ E{G). Let [2,4] ^ E{G). We note that 
jV'l = 2n since w(G) = 2n. Also |Odd(cr)| = 2n and Odd[a) (1 Even{a) = 0. Hence to show 

V = Odd{a) we prove that V does not have any even labelled vertex. Let ein even 
labelled vertex 2r E V for some 1 < r < 2n. By Lemma2.2 either [2r, <7(2r)] 6 E(G) or 
[a‘‘”-i(2r),a^"(2r)] = [a^^-^{2r),2T] E E{G). Let [2r,£7(2r)] E E{G). By Lemma 2.5 exactly 
one vertex of each set {2r, a(2r)}, {o'^(2r), a^(2r)}, . . . , {<r^"~^(2r), o-^”“^(2r)} belongs to V 
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since |y'| = 2n and <7^"(2r) = 2r. By Lemma2.2 [cr®(2r),a^(2r)] ^ £;(G), [cr®(2r), cr®(2r)] ^ 
E{G),...,[a^'^-\2r),(7^^{2r)] = [a4"-i(2r),2r] ^ £;(G) since [2r,a(2r)] 6 E{G). Hence 
2r ^ <T^”~^(2r) <7^”“'*(2r) =» • • . (T^(2r) € V'. Therefore the 2n vertices of C are 

2r, cr^(2r),...,a^”“^(2r) since the vertices 2r,(T^(2r),...,o-'*"~^(2r) are mutually distinct. 
Also cr^*(2r) is even labelled where 1 < i < 2n — 1. Hence V = Even{(j) since |Euen(a)| = 

2n, thus a contradiction to the fact that [2,4] ^ E{G). Therefore [2r,£r(2r)] ^ E{G). Then 
[^4n-i(2y.) 2r] 6 E{G) since either [2r, a(2r)] € E{G) or [£r‘*"“^(2r), 2r] 6 E[G). By Lemma 
2.5 exactly one vertex of each set {a(2r), (r^(2r)}, {a®(2r), (r‘‘(2r)}, . . . , (2r), a^"(2r)} = 

{^4n-i(2^)^ 2r} belongs to V since jV'l = 2n. By Lemma2.2 [2r, cr(2r)] ^ £^(G), [<T^(2r), o-®(2r)] f 
E(G),...,[a^"-2(2r),a^"-H2r)] ^ E{G) since [a^"-i(2r), 2r] € E{G) and o^^{2r) = 2r. 
Hence 2r ^ o-^(2r) (r^(2r) ••• =» o-^”“^(2r) e V. Therefore the 2n vertices of 

C are 2r, a^{2r ), . . . , £T^""^(2r) since the vertices 2r, o'^(2r), . . . , £r^"“^{2r) are mutually dis- 
tinct. Also (7^*(2r) is even labelled where 1 < i < 2n — 1. Hence V = Even{a), since 
|£'uera(tT)| = 2n, thus a contradiction to the fact that [2,4] ^ E{G), Therefore V' does not 
have any even labelled vertex. Hence V = Odd{a) when [2,4] ^ E{G). □ 

Corollary 2.3 ; Let G be a s.c. graph with p=4n, w(G) = 2n and a star c.p. a* — 

(1 2 • • • An) where n>2. Then < Even{(7*) > is the unique maximum clique of G. 

Proof: Let C be a maximum clique of G with V as its vertex set. By Lemma2.6 V = 
Even{a*) or V = Odd{a*). We note that [2,4] € E since a* is a star c.p. . Hence by 
Lemma2.1 [(T*(2),£r*(4)] = [3,5] ^ E. Therefore V' ^ Odd{a*). □ 

For a s.c. graph G with 4n vertices and a star c.p. a* the collection of all even labelled 
vertices of cr* induces a maximum clique of G when a)(G) = 2n. 

Theorem 2.14 ; Let G be a s.c. graph with p=4n, oj{G) = 2n and a star c.p. a*. Then 
< Even{a‘*) > is a maximum clique of G. 

Proof: Let p=4. In this case G = P4. By Theorem 2.1 a* — (1 2-3 4) is the only star 
c.p. of G. Also < Even{a*) > is a maximum clique of G since [2,4] G E{G). Hence the 
Theorem is true when p=4. Let p > B. Let a* = ajcrj • • • a* where cr? = (viiUi2 • • * u,p,) for 
all 1 < i < s. By Theorem 2.1 each pi is divisible by 4. Let Vi = {uy ; 1 < j < Pi} where 
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1 < z < s. We note that |Vi| = pi where 1 < z < s. Let C be a maximum clique of G and 

let V be its vertex set. We prove that |V' n Vi| = f for all 1 < i < s. Let |K' D ^ for 

some 1 < i < s. Then there exists a Vk such that |V' n T4| > ^ + 1 for some 1 < fc < s. By 

Theorem2.13 < > is a s.c. graph. Hence by Theorem 2.11 every complete subgraph of 

<Vk> has atmost ^ vertices, thus a contradiction since < > is a complete subgraph 

of < 14 >. Therefore iV'n Vi| = ^ for all 1 < z < s. By Corollary2.3 C has all even labelled 
/ 

vertices of a,* s whose length is atleast 8 since < Vj n F' > is a maximum clique of < F > 
where 1 < z < s. We prove that C has both an odd labelled vertex and an even labelled 
vertex from atmost one permutation cycle of length 4. Let C have both an even labelled 
and an odd labelled vertex from two distinct permutation C 5 xles crj^ and a* each of length 4. 
Either a*(vi 2 x) = Vi( 2 y+i) or o-*(ut( 2 y+i)) = ^* 2 ® for any even labelled vertex Vt 2 x and for any 
odd labelled vertex t^i( 2 y+i) of cr,* where is a permutation cycle of length 4 and 1 < z < s. 
Therefore either of the cases (a), (b), (c) or (d) holds. 

(a) There exist even labelled vertices vi 2 x and Vm 2 y of a* and respectively such that 

<7*(uj2s), Vm 2 y and <T*{vm 2 y) belong to V'. 

(b) There exist odd labelled vertices ui( 2 a:+i) and Vm{ 2 y+i) of a* and respectively such 

that U/( 2 I+ 1 ), cr*(t;,( 2 s+i)), Vm( 2 y+i) and o-*(u,n( 2 y+i)) belong to W. 

(c) There exist an even labelled vertex Vi 2 x of cf and an odd labelled vertex Um( 2 y+i) of 

such that Vi 2 x, cr*{vi 2 x), Vm( 2 y+i) and cr*(um( 2 y+i)) belong to V. 

(d) There exist an odd labelled vertex vn 2 x+i) of erf and an even labelled vertex Vm 2 y of 

such that Vi( 2 x-hi), <7*(u/(2i+i)), Um 2 y and (T*(vm 2 y) belong to F'. 

All the cases (a), (b), (c) and (d) contradict Lemma2.4. So C has both an even labelled 
vertex and an odd labelled vertex from atmost one permutation cycle of length 4. We note 
that C cannot have the two odd labelled vertices of any permutation cycle of length 4 since 
cr* is a star c.p. Hence C has only even labelled vertices of a* with a possible exception of a 
single odd labelled vertex of a permutation cycle of length 4 belonging to C. If C has only 
even labelled vertices of er* the Theorem is proved since C has 2n vertices. Otherwise an even 
labelled vertex Vm 2 x and an odd labelled vertex Vm 2 y+i of a permutation cycle of length 
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4 belong to C. Define B = {vij G Even{(j^) : 1 < i < s, i ^ m and 1 < i < pj. We note 
that = B. Also [Vm 2 x, B] C E{G) since Um 2 * is a vertex in C not in B and B C V'. 

By Lemma2.2 C E{G) since Kax,^] C E{G). So [a**(n^ 2 x),B] C E{G) 

since <J*^{B) = B. The permutation cycle is of length 4 implies (J*^{Vfn 2 x) is an even 
labelled vertex distinct from Um 2 x- The vertices and a**(u„i 2 x) are the only even labelled 
vertices of the permutation cycle cf^ implies [um 2 x,o'**(um 2 i)] G B{G) since cr* is a star c.p. 
of G. We have Even(a*) = B\J{vjn 2 x,(^*^{vm 2 x)}- Therefore < Even{c*) > is a maximum 
clique of G since [vm 2 x,B] C E{G), [a*\vm 2 x),B] C E{G), [u,„ 2 x,fr**(um 2 x)] e E{G), B is 
contained in the vertex set of C and \Even{a*)\ = 2n. □ 

The following result is a sufficient condition for a s.c. graph with 4n vertices to be a 
split graph in terms of its clique number. 

Theorem 2.15 ; Let G be a s.c. graph with p=4n and u>{G) = 2n. Then G is a split graph. 

Proof: Let a* be a star c.p. of G. By Theorem 2.14 < Even{a*) > is a maximum clique 
of G. We note Odd{a*) is a stable set of G since 0dd{<7*) = a*{Even{cr*)). Also the sets 
Even{a*) and Odd{a*) partition V(G). Hence G is a split graph. □ 

We obtain a suflScient condition for a s.c. graph with 4n+l vertices to be a split graph 
in terms of its clique number. 

Theorem 2.16 ; Let G be a s.c. graph with p=4n+l and u)(G) = 2n+ 1. Then G is a split 
graph. 

S 

Proof: Let a be a c.p. of G with Vq as its fixed vertex. Let G' = G — vq . By Corollary2.2 
G' is a s.c. graph. Let C be a maximum clique of G. Let Vq be the vertex set of C. We prove 
that Vo € Vc. Let Vq ^ Vc- We note that C is a maximum clique of G' since uq ^ Vc- Hence 
a;(G') = 2n+ 1, a contradiction to Theorem2.11. So uq G Vc. Let S = cr(Vc). We note that 
cr(uo) = Vq since vq is the fixed vertex of a. Hence Vq E S since vq € Vc- Also S is a stable 
set of G since < 1^ > is a clique of G. We note that S and Vc have atmost one common 
element since < Vc > is a clique of G and S is a stable set of G. Also |5| = |1 c| = 2n + 1. 
Hence the sets Vc and S — {uo} partition V(G). Therefore G is a split graph. □ 

The following result is a consolidation of Theorem2.15 and Theorem2.16. 
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Theorem 2.17 ; Let G be a s.c. graph. Then G is a split graph if 

(i) u}{G) = 2n when p=4n 

(ii) u}{G) = 2n + 1 when p=4n-hl. 

Proof: Follows from Theorem 2.15 and Theorem 2.16. □ 

A characterisation of a s.c. graph to be a split graph in terms of its clique number 
follows. 

Theorem 2.18 ; Let G be a s.c. graph. Then G is a split graph if and only if 

(i) u}{G) = 2n when p=4n 

(ii) <^{G) = 2n + 1 when p=4n+l. 

Proof: Follows from Theorem 2.10 and Theorem 2.17. □ 

Theorem 2.19 : Let G be a s.c. graph. Then G is a split graph if and only if G is a chordal 
graph. 

Proof: Follows from Theorem 2.3. □ 

Prom the above result we see that the class of s.c. split graphs is exactly the class of s.c. 
chordal graphs. Hence we have the following characterisation for s.c. graphs to be chordal 
in terms of its clique number. 

Theorem 2.20 ; Let G be a s.c. graph. Then G is a chordal graph if and only if 

(i) u{G) = 2n when p=4n 

(ii) u){G) = 2n+ 1 when p=4i^+i' 

Proof: Follows from Theorem2.18 and Theorem2.19. □ 

2.4 A characterisation for self-complementary graphs 
to be chordal in terms of the stability number 

The clique number of a graph is equal to the stability number of its complement. 
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Theorem 2.21 : Let G be a graph. Then a;(G) = a(G). 

Proof: Let w(G) > Q;(G). Let C be a maximum clique of G. Let V' be the vertex set of 
C. We note that W is a stable set of G since C is a clique of G. So q:((5) > u(G) since 
\V'\ = u;(G), a contradiction. Then u;(G) < q:(G). Let w(G) < ^(G). Let S be a ma ximum 
stable set of G. The set S induces a complete subgraph in G. Hence q:(G) < w{G) since 
l^l = Q!(G), a contradiction. Therefore a;(G) = Q!(G). □ 

For a s.c. graph the clique number is equal to its stability number. 

Theorem 2.22 .* Let G be a s.c. graph. Then uj{G) = a{G). 

Proof: Follows from Theorem2.21 since G is a s.c. graph. □ 

The following result is a characterisation for a s.c. graph to be a chordal graph in terms 
of its stability number. 

Theorem 2.23 ; Let G be a s.c. graph. Then G is a chordal graph if and only if 

(i) Q!(G) = 2n when p=4n 

(ii) a(G) —2n+l when p=4n+l. 

Proof: Follows from Theorem2.20 and Theorem2.22. □ 

2.5 A characterisation for self-complementary graphs 
to be chordal in terms of the induced cycles 

Theorem 2.24 Let G be a s.c. graph. Then G has no induced subgraph isomorphic to C 4 
if and only if it has no induced subgraph isomorphic to 2 K 2 . 

Proof: By Lemma2.3 G has no induced subgraph isomorphic to C 4 if and only if it has no 
induced subgraph isomorphic to C 4 = 2 K 2 . □ 

Lemma 2.7 .* Let G be a s.c. graph with p=4n and a c.p. a = (1 2 • ■•4n). Then 

[2, 2A: + 2] 6 E{G) if and only if [2,4n + 2 — 2A:] 6 E{G) where k is an integer such that 

1 < k <n. 
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Proof: By Lemma2.2 [2, 2A: + 2] € E{G) if and only if [a'‘"~^''(2), + 2)] = 

[4n + 2 — 2k, 2] G E{G) where 1 < A: < n. □ 

Lemma 2.8 ; Let G be a s.c. graph with p=4n and a c.p. = (1 2 • ‘-An). Then 

[2, 2A: + 2] € E (G) for all integers k such that n < k <2n — l if and only if [2, 2A: + 2] € E{G) 

for all integers k such that 1 <k <n. 

Proof: Every vertex 2A: + 2 where n < k < 2n — 1 can be represented as 4n + 2 — 2A: for 
some integer k such that 1 < k <n and every vertex 4n + 2 — 2fc where 1 < A: < n can be 
represented as 2A: + 2 for some integer k such that n < A: < 2n — 1. So [2, 2A: + 2] € E{G) for 
all n < A: < 2n — 1 if and only if [2, 4n + 2 — 2A:] G E{G) for all 1 < A: < n. By Lemma2.7 
[2, 4n + 2 - 2A:] G E{G) for all 1 < A: < n if and only if [2, 2A: + 2] G E{G) for all 1 < A: < n. 
Hence [2, 2A: + 2] G E{G) for all n < A: < 2n - 1 if and only if [2, 2A: + 2] G E{G) for all 
1 <k <n. □ 

Lemma 2.9 : Let G be a s.c. graph with p=4n and a c.p. <r = (1 2 • • - An). Let j be an 
integer such that 1 < j < 2n - 1. Then [2,2k + 2] G E{G) for all integers k such that 
1 < k < 2n-l if and only if [2j + 2, a^*(2j + 2)] G E{G) for all integers k such that 
1 < k < 2n — 1. 

Proof: By Lemma2.2 [2, 2A: + 2] G E{G) for all 1 < A: < 2n - 1 if and only if 
[cr2i(2), a2J(2A: + 2)] = [2j + 2, (r^'‘{2j + 2)] € E{G) for all 1 < Ai < 2n - 1. □ 

Lemma 2.10 ; Let G be a s.c. graph with p=8n and a c.p. cr = (1 2 • • - 8n). Then 
[2, 4n + 2] G E{G) and [2, 2n + 2] ^ E{G) implies G has an induced C4. 

Proof: Let [2,4n + 2] G E{G) and [2,2n + 2] ^ E{G). By Lemma2.2 [a^^{2),a^'^{An + 2)] = 
[2n + 2, 6n + 2] G E{G) since [2, 4n + 2] G E{G). Also by Lemma2.2 [a^"(2), a'^^{2n + 2)] = 
[2n + 2, 4n + 2] ^ EiG), [a^’*(2), (7*^{2n + 2)] = [4n + 2, 6n + 2] ^ EiG) and 
[cr®”(2),<r®"(2n + 2)] = [6n + 2,2] ^ E{G) since [2,2n + 2] ^ E{G). Hence the vertices 2, 
2n+2, 4n+2 and 6n+2 induce a 2 K 2 . Then by Theorem2.24 G has an induced C^. □ 

Lemma 2.11 .* Let G be a s.c. graph with p=4^ ® sior c.p. a* = (1 2 • • •4n). Then 

[2, 2n + 2] ^ E{G) implies that G has an induced Ca- 
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Proof: Let [2, 2n + 2] ^ E{G)- We note that [2,4] € E{G) since a* is a star c.p.. By 
Lemina2.2 [cr*^”(2),cr**”(4)] = [2n+2, 2n+4] 6 E{G) since [2,4] € E(G), Also by Lemma2.2 
[or** (2) , a** {2n + 2)] = [4, 2n + 4] ^ E{G) since [2, 2n + 2] ^ EiG). 

Case i : Let [4, 2n + 2] ^ E{G). By Lemnia2.2 [cr**'‘(4), a**”(2n + 2)] = \ 2 n + 4, 2] ^ E{G) 
since [4, 2n + 2] 0 E{G). Hence the vertices 2, 4, 2n+2 and 2n+4 induce a 2^2. Then by 
Theorem2.24 G has an induced Cj. 

Case ii ; Let [4, 2n + 2] € E{G). By Lemma2.2 [a**” (4), a**”(2n + 2)] = [2n + 4, 2] € E{G) 
since [4, 2n + 2] G E{G). Hence the vertices 2, 4, 2n+2 and 2n+4 induce a C^. 

Therefore the Lemma. □ 

Lemma 2.12 ; Let G be a s.c. graph with p= 4 n and a star c.p. cr* = (1 2 ■ • •4n). Then G 
is Ci-free implies that < Even{a*) > is a complete subgraph of G. 

Proof: Let G be C4-free. By Lemma2.9 for proving < Even{a*) > is a complete subgraph 
of G, we have to prove that [2, 2i + 2] € E{G) for all 1 < i < 2n — 1. By Lemma2.8 for 
proving [2, 2i + 2] € E{G) for all n < z < 2n — 1 we have to prove that [2, 2z + 2] € E{G) for 
all 1 < i < n. Hence for proving < Even{a*) > is a complete subgraph of G we prove that 
[2, 2i + 2] G E{G) for all 1 < i < n. First we note that [2, 2n + 2] G E{G). Otherwise by 
Lemma2.11 G has an induced C4, a contradiction to the assumption that G is C4-free. Now 
we prove that [2, 2 i + 2] G E{G) for all 1 < z < ra — 1. Let [2, 2A: + 2] ^ E{G) for an integer 
k such that 1 < A: < n — 1. Consider the vertex 2n + 2 — 2fc. Either 2 n + 2 — 2 k = 2 k + 2 ox 
2 n + 2 - 2 k ^ 2 k + 2 . Let 2 n + 2 - 2 k = 2 k'+ 2 . That is n = 2 k. Then G is a s.c. graph with 
p = 8 k and a star c.p. a* = (1 2 • • • 8A:). Also [2,4A: + 2] G E{G) since [2, 2n + 2] G E{G). By 
Lemma2.10 G has an induced C\ since [2,2A: + 2] ^ E{G), a contradiction to the assumption 
that G is C4-free. Therefore 2n + 2 — 2A: 7^ 2A: + 2. That is the vertices 2A: + 2 and 
2 n+ 2 — 2 k are distinct. By Lemma2.2 [a*** (2), £r***(2n+2)] = [2A:+2, 2n+2k+2] G E{G) since 
[2, 2n + 2] G E{G). Also by Lemma2.2 [a**" (2), a**" (2A: + 2)] = [2n + 2, 2n + 2A: + 2] 0 E{G) 
since [2, 2fc + 2] 0 E{G). 

Case i : Let [2, 2 n + 2 — 2 k] ^ E{G). By Lemma2.2 [cr***(2),<7**‘‘(2n + 2 — 2 k)] = 

[ 2 k + 2, 2n + 2] ^ E{G) and (2), (2n + 2 - 2 k)] = [2n + 2k + 2, 2] ^ E{G) since 

[2, 2 n +2 — 2 k] ^ E{G). Hence the vertices 2, 2k+2, 2r+2 and 2n+2k+2 induce a 2K2. Then 
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by Theorem2.24 G has an induced C4, a contradiction to the assumption that G is CTi-free. 
Case ii : Let [2, 2n + 2 — 2fc] G E{G). By Lemma2.2 [<t***( 2), a*“(2n + 2 — 2A:)] = 

[2k + 2, 2n + 2] G E{G) and [a**"'^** (2), a**"""'* {2n + 2 - 2A:)] = [2n + 2ifc + 2, 2] G E{G) since 
[2, 2n + 2 — 2A:] G E{G). Hence the vertices 2, 2k+2, 2n+2 and 2n+2k+2 induce a Ci, a 
contradiction to the assumption that G is C^-free. 

Therefore [2, 2i + 2] G E(G) for all 1 < i < n - 1. □ 

Lemma 2.13 ; Let G be a s.c. graph with p=4n and a c.p. a = <JiC !2 • • - Os where 

— (viiVi 2 • * • Wjp.) for all 1 < i < s. Then [Even[cri), Even{aj)] C E(G) for all integers i 
and j such that I <i < s, 1 < j < s and i ^ j if and only if [uj2, Even{aj)] C E{G) for all 
integers i and j such that l<i<s,l<j<s and i ^ j. 

Proof: By Theorem2.1 pt is divisible by 4 for all 1 < i < s. We note that [vak, Even(cTj)] = 
[a^’‘~^{vi 2 ),<J^'‘~^{Even{aj))] CE{oval\l<k<^,l<i<s, l<j<s and i ^ j if and 
only if [Ui2, Even{aj)] C E for all 1 < i < s, 1 < j < s and j. □ 

For a s.c. graph G with 4n vertices and a star c.p. a* the collection of all even labelled 
vertices of a* induces a complete subgraph of G when G is CTi-free. 

Theorem 2.25 ; Let G be a s.c. graph with p=4^ and a star c.p. a*. Then G is C^-free 
implies < Even{a*) > is a complete subgraph of G. 

Proof: Let G be C4-free. Let a* = • • - crj where a,* = (u£it;i2 • • • Uip.) for all 1 < i < s. 

Let Vi = {v,j : I < j < Pi} for all 1 < i < s. By Theorem2.1 pi is divisible by 4 for all 
1 < i < 5. By Theorem2.13 < Vi > is a s.c. graph with a star c.p. (uiiu,2 • • • VipJ for all 
1 <i < s. Also < Vi > is C4-free for all 1 < i < s since G is C4-free. Hence by Lemma2.12 
< Even(ai) > is a complete subgraph of < Vi > where 1 < i < s and hence a complete 
subgraph of G. Then to prove that < Even{a*) > is a complete subgraph of G we have 
to prove that \Even{a*),Even{a*)\ C E{G) for all 1 < i < s, 1 < j < s and i ^ j. By 
Lemma2.13 to prove [Even{cf*), Even{crj}] C E{G) for all 1 < i < s, 1 < y < s and i ^ j, we 
have to prove that [va, Even(a*)] C E{G) for all 1 < z < s, 1 < j < 5 and i ^ j. Therefore 
to prove < Even{a*) > is a complete subgraph of G we prove that [^£2, Even{aj)] C E{G) 
for all 1 < i < s, 1 < J < s and i ^ j. Let [va, Even{(xl)] % E{G) for tw'o distinct integers 
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I and k such that 1 < Z < s and 1 < A: < s. There exists a vertex Vkzx of Even{ak) such 
that [vi2,Vk2x] ^ E{G) since [vi2, Even{ak)] 2 We prove that there exists a vertex 

Vk2y of Even{al) such that [vi2,Vk2y] € E(G). Otherwise [vi2,Vk2i\ 0 E{G) for all u*2i € 
Even{ak)- We note that [vi2,Vk2i\ ^ E){G) for all Vk2t £ Even{(j^ implies [vi2,Vk2] ^ E{G) 
and [vi2,Vk4] ^ E(G). By Lemma 2.2 [<r*^ ivi2),<r*^ ivk2i)] = [vi4,cr*^ivk2i)] ^ EiG) for all 
Vk2i € Even[(Jk) since [vi2,Vk2i] ^ E{G) for all Vk2i € Evenial). Then [vi4,Vk2] ^ E{G) and 
^ We have [uj2j^^/4] £ ^{G) and [ufc2,t^fc4] 6 E{G) since < Evenia^) > and 

< Even{(Tk) > are complete subgraphs of G. Therefore the vertices uj2, Vk2 and Vk4 induces 
a 2K2. Then by Theorem 2.24 G has an induced C4, a contradiction to the assumption that 
G is C4-free. Hence there exists a vertex Vk2y of Even{ak) such that [vi2, Vk2y] G E!{G). We 
note that one of the following cases should hold. 

(a) [vi2,Vk2] € E(G) and [vi4,Vk2] ^ E{G) 

(b) [vi2,Vk2] ^ E{G) and [uu.Ufcz] € E{G) 

(c) [vi2, Vk2] e E{G) and [uj4, Vk2] € E{G) 

(d) [vi2,Vk2] ^ E{G) and [uM,Ufc2] ^ E{G). 

We prove that the cases (a), (b), (c) and (d) are impossible. 

(a) Choose the vertex Vk2m of Even{(Jk) such that Wfc2m] ^ E{G) and [vi2,Vk2i] £ E{G) 
for all 1 < i < m - 1 since [vi2,Vk2x] ^ E{G) the vertex Vk2m exists. By Lemma2.2 
[o-**(tjj2),o'**(^Jit2(m-i))] = b/4,Uit2m] € E{G) since [Ui2, 11 * 2 ( 771 - 1 )] € E{G). Also [^127^^14] € 
E{G) and [11*27^*2771] ^ E{G) since < Even{a^) > and < Even{ak) > are complete sub- 
graphs of G. Hence the vertices uj2 7 11/47 11*2 and ii*2m induce a C4, a contradiction to the 
assumption that G is C'4-free. Therefore this case is not possible. 

(b) Choose the vertex Vk2m of Even{ak) such that [ii/2,ii*2m] ^ E{G) and [ii/2,ii*2«] ^ E{G) 
for all 1 < i < m - 1 , since [11/27 ii*2y] e E{G) the vertex 11*2,71 exists. By Lemma 2.2 
[i^**(iii2),o-**(i;jk2(7n-i))] = [vi4,Vk2m] ^ E{G) since [ 11 / 2 , 11 * 2 ( 771 - 1 )] ^ E{G). Also [11/2,11/4] € 
E{G) and [11*2,11*270] € E{G) since < Even{oi) > and < Even{al) > are complete sub- 
graphs of G. Hence the vertices 11/2,11/4,11*2 and Vk2m induce a C4, a contradiction to the 
assumption that G is C'4-free. Therefore this case is not possible. 
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(c) Choose the vertex Vk2m e Even{cTl) such that [vi2,Vk2m] ^ E{G) and [ui2,Ufc2i] € E{G) 
for all 1 < i < m — 1 since [t;/2,Uit2x] ^ E{G) the vertex Vk2m exists. By Lemma 2.2 
[a**(ui2),o’**(t;fc2(m-i))] = [vMjt'itam] € E{G) since [ui2, i'jt2(m-i)] € E{G). Now choose the 
vertex <J*^'ivk2m) G Even{crl) such that [uj2, a*“’’(uit2m)] € E{G) and [Ui2.<^**‘(t'fc2m)] ^ E{G) 
for all 0 < i < r — 1 , since [u/2it'fc2] € E{G) the vertex (ujfc2m) exists. By Lemma 2.2 
[0’**(uj2),<^**'(ujfc2m)] = [l^M,0-**"(ujt2m)] ^ E{G) SinCC [Vi2, (T*^^'~^\vk2m)] ^ E{G). AlsO 
[vi2^vu] e E{G) and [Vk2m,<^*^^ {vk2m)] € E{G) since < Even{a*) > and < Even{al) > 
are complete subgraphs of G. Hence the vertices vi2,vi^,Vk2m and cr**’^(ufc2m) induce a C4, a 
contradiction to the assumption that G is C4-free. Therefore this case is not possible. 

(d) Choose the vertex Vk2m ^ Even{al) such that [vi2,Vk2m] € E{G) and [ui2,Ufe2t] ^ E{G) 

for all 1 < i < m — 1 since [uj2,Vit2y] € E{G) the vertex Vk2m exists. By Lemma2.2 
[cr*’(u/2),(T*^(ujfc2(m-i))] = bM.'Wwm] ^ E{G) since [uj2,Ufc2(m-i)] ^ E{G). Now choose the 
vertex a**’’ (uA:2m) € Even{al) such that [uj2, a**’’(u*2m)] ^ E{G) and [vi2, {vk2m)] € E{G) 

for all 0 < i < r - 1 , since [ui2,UA:2] ^ E{G) the vertex a**'^(ufc2m) exists. By Lemma2.2 
[a’**(u/2),o-*'''(ufc2m)] = [vi4,(T*^"{vk2m)] € E{G) since [uj2, (u^m)] G E{G). Also 

[vi2,vi4] € E{G) and [t>ik2m,o'**'’(ufc2m)] € E{G) since < Even(< 7 i) > and < Even{ak) > 
are complete subgraphs of G. Hence the vertices vi2,Vi4,Vk2m and (ufc2m) induce a C4, a 
contradiction to the assumption that G is C'4-free. Therefore this case is not possible. 

So the cases (a), (b), (c) and (d) are impossible, a contradiction to the fact that either 
one of them should hold. Therefore [vt2i Even{cr*)] C E{G) for 1 < i < s, 1 < j < s and 
i ^ j. □ 

Every C4-free s.c. graph with 4 n vertices is a split graph. 

Theorem 2.26 ; Let G be a s.c. graph with p= 4 n. Then G is C4-free implies that G is a 
split graph. 

Proof: Let G be C'4-free. Let a* be a star c.p. of G. By Theorem 2.25 < Even{a*) > 
is a complete subgraph of G. We note that Odd{a*) is a stable set of G since Odd{a’) = 
< 7 *{Even{a*)). Hence G is a split graph since the sets Even(a*) and Odd{a*) partition 
V(G).D 
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Theorem 2.27 ; Let G he a s.c. graph with p=4n. Then G is split graph implies that G 
has no induced subgraph isomorphic to C5. 

Proof: Follows from Theorem 2 . 2 . □ 

Every s.c. graph with 4n vertices having an induced subgraph isomorphic to C5 has an 
induced subgraph isomorphic to C4. 

Theorem 2.28 : Let G be a s.c. graph with p=4n. Then G has no induced subgraph 
isomorphic to C 4 implies that G has no induced subgraph isomorphic to C^. 

Proof: Let G be a s.c. graph with 4n vertices which has no induced subgraph isomorphic 
to C 4 and has an induced subgraph isomorphic to C^. By Theorem2.26 G is a split graph 
since G is Ci-free. Then by Theorem2.27 G has no induced subgraph isomorphic to C 5 since 
G is a split graph, a contradiction. □ 

However, in the case of a s.c. graph G with 4n+l vertices G has no induced subgraph 
isomorphic to C4 is not sufficient to deduce that G has no induced subgraph isomorphic to 
C5. For example the s.c. graph has no induced subgraph isomorphic to C4. 

Theorem 2.29 : Let G be a s.c. graph with p=4n. Then G has no induced subgraph 
isomorphic to C4 implies that G has no induced subgraph isomorphic to 2K2 or Cs. 

Proof: Follows from Theorem2.24 and Theorem2.28. □ 

The following result is a characterisation for a s.c. graph to be a split graph in terms 
of its induced cycles. 

Theorem 2.30 ; Let G be a s.c. graph. Then G is a split graph if and only if G has no 
induced subgraph isomorphic to C4 or C5. 

Proof: Follows from Theorem 2.2 and Theorem2.24. □ 

We have the following characterisation for s.c. graphs to be split graphs in terms of 
its induced cycles which is a modification of Theorem2.30 for the case of s.c. graph with 4 n 
vertices. 

Theorem 2.31 : Let G be a s.c. graph. Then G is a split graph if and only if 
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(i) G has no induced subgraph isomorphic to C 4 when p=4n 

(ii) G has no induced subgraph isomorphic to C 4 or C 5 when p= 4 n+l. 

Proof: (i) Follows from Theorem2.2 and Theorem2.29- 
(ii) Follows from Theorem2.30. □ 

The following result is a characterisation for a s.c. graph to be a chordal graph in terms 
of its induced cycles. 

Theorem 2.32 ; Let G be a s.c. graph. Then G is a chordal graph if and only if 

(i) G has no induced subgraph isomorphic to C 4 when p= 4 n 

(ii) G has no induced subgraph isomorphic to C 4 or C 5 when p= 4 n+l. 

Proof: Follows from Theorem2.19 and Theorem2.3L □ 

2.6 A characterisation for self-complementary graphs 
to be chordal in terms of the degree sequence 

Hammer and Simone [109] obtained a characterisation for split graphs in terms of its degree 
sequence. We obtain a characterisation for s.c. graphs to be split graphs in terms of its 
degree sequence. 

Theorem 2.33 Let G be a s.c. graph with degree sequence > ^2 > • • • > dp. Then G is 
a split graph if and only if 

(i) Ex=i di = 6n^ — 2n when p= 4 n 

(ii) Ylt=i ^ when p= 4 n-hl. 

Proof: (i) Let p=4n. Let M = max{i : d,- > i - 1, 1 < i < p}. By Theorem2.9 
A4 = 2n. By Theorem2.8 d,- = 4n — 1 — d 4 „_,+i for all 2n + 1 < i < An. Then I!)^" 2 n+i ~ 

- 2n - di. Hence by Theorem2.5 the graph G is a split graph if and only if 
di = 6n^ — 2n. 
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(ii) Let p=4n+l. Let M = max{i : d, > i-1, l<i<p}. By Theorem2.9 M = 2n+l. By 
Theorein2.8 dj = 4n - d4„_i+2 for all 2n + 2 < i < 4n + 1. Then Ei= 2 n +2 - Ei=i di- 

Also by Theorein2.8 d 2 n+i = 2n. Hence by Theorem2.5 the graph G is a spht graph if and 
only if I3t=i di = 6n^, □ 

A characterisation for a s.c. graph to be a chordal graph in terms of its degree sequence 
follows. 

Theorem 2.34 Let G be a s.c. graph with degree sequence di > d 2 > • • • > dp. Then G is 
a chordal graph if and only if 

(i) I2?=i dt = 6n^ — 2n when p=4n 

(ii) Z)i=i dt = 6n^ when p=4n+l. 

Proof: Follows from Theorem2.19 and Theorem2.33. □ 
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On the existence and the construction 
of self-complementary chordal graphs 

3.1 Introduction 

Existence problems of self-complementary graphs had been studied by Ringei[178] and 
Sachs[190]. They prove that a s.c. graph with p vertices exists if and only if p=4n or 
p=4n-l-l for some positive integer n. In Section 3.3 we prove that a s.c. chordal graph with 
p vertices exists if and only if p=4n or p=4n-i-l for some positive integer n. 

Gibbs[98] has given algorithms for the construction of all s.c. graphs with 4n vertices 
and 4n-l-l vertices. We discuss these algorithms in Section 3.2. In Section 3.4 by modifying 
these algorithms we give algorithms for the construction of all s.c. chordal graphs with 4n 
vertices and 4n+l vertices. 

3.2 Algorithms for constructing self-complementary graphs 

The following algorithm w’as given by Gibbs [98] for constructing all s.c. graphs with 4n 
vertices. 

Algorithm 3.1 (Gibbs [98]) : An algorithm to construct s.c. graphs with 4n 
vertices where n is a positive integer 
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Choose positive integers pi,p2, ..■,Ps such that E?=iPt = 4n, pi < pj for all 
l<i<j<s and Pi = 2 ^ for some Aj > 2 where l<i<s. Let a = a-icr^ where 
cTi = {viiva . ■ ■ VipJ for alll <i<s be a permutation on 4n labels Vn,vi2,..., Vip^, 

• ,V2p2, ‘ ■ ,Vsi,Vs2, ■ • ■ ,Vsp,. For the label Vn wherel <i< s—l de^neui2, Uis,. . . 
U(,+i)i, U(i+i)2, . . . , U(t+i)p,, U(i+2)i, U(,+2)2, . . . , V(i+2)pj, . . . , Vsu Vs2, • • • , ^sp,. OS the range of Vti. 
For the label v^i define Vs2t Vs3, • • • , ^5(^+1) as its range. Construct a graph G with 4 a ver- 
tices by identifying the vertices of G with the labels Vij where 1 <i < s and 1 < j <Pi and 
the adjacencies of the vertices of G are determined as follows. 

(a) For each pair \vii,Vjr] where 1 < i < s and v^r is a vertex in the range of v,i it is 
arbitrarily decided whether [uii,Ujr] G E{G) or [vti,Ujr] € E{G). 

(b) After completing (a) whether the pairs [<7*'(vti),o-*'(ujr)] € E{G) or ^ 

E{G) for alll < k < Pj — 1 is determined as follows for each pair [vii,Vjj\ such that 1 < i < s 
and Vjr is in the range ofvn . The pair [cr*('yii), <j'‘{vjr)] € E{G) if and only if Ujr] € E{G) 
when k is even and the pair ^ E{G) if and only if [uji, 6 E{G) when k 

is odd. 

The following Theorem states that a graph G is a s.c. graph with 4n vertices if and 
only if it can be constructed by Algorithms. 1. 

Theorem 3.1 (Gibbs [ 98 ]) : (i) The graphs constructed by Algorithms. 1 are s.c. graphs 
with 4‘a vertices where n is a positive integer. 

(a) Every s.c. graph with 4 n vertices for all positive integer n can be constructed by Algorithms. 1 . 

We illustrate Algorithms. 1 by constructing a s.c. graph with 12 vertices. Two 
positive integers pi = 4 and P2 = 8 are chosen. We note that the positive integers pi and p2 
are are such that pi+p2== 12, Pi < P2, Pi = 2^ and p2 = 2^. Let 

^ = (^11^12^13^14) (u2i'U 22U23U24'U25'*^26^27^28) he a permutation on 12 labels Vij where i = 1, 2 
and I <j < Pi. For the label vn the labels Ui2,'Ui3.V2i,t'22,^^23 aiid U24 constitute its range. 

For the label i;2i the labels V22> ^^23) ^24 and V25 constitute its range. We construct a graph 
G with 12 vertices by identifying the vertices of G with the labels Uy w’here i = 1, 2 and 
1 ^ j ^ Pi and the adjacencies of the vertices of G are determined as follows. 
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(a) For each pair [t^ii,Ujr] where i — 1,2 and Vj> is a vertex in the range of v,i we decide 
arbitrarily whether [i;a,‘yjr] e E{G) or [uii.Uj,] ^ E{G). Let the vertex Vu be adjacent to 
the vertices V22} 1^23 3Jid V24 and non-adjacent to the vertices V12, V13 and U21 of its range as 
shown in Figure 3.1(a). Let the vertex U21 be adjacent to the vertices U22>^^23 3^d ^25 and 
non-adjacent to the vertex U24 of its range as shown in Figure 3.1(a). 

(b) After completing (a) whether [o-*(i;fi),o-''(t;j,.)] € E{G) or [a*(?;a),a*(uj>)] ^ E^G) for 
all 1 < A: < Pj - 1 is determined as follows for each pair [ua, Ujr] where i = 1, 2 and vjr is in 
the range of vn. The pair [o-'=(uii),a*(i;jr)] € E{G) if and only if [u.i.Ujr] € E{G) when k is 
even and [o'*(uii),cr*(uj>)] ^ E{G) if and only if [uii,Ujr] € E(G) when k is odd. 

The labelled graph G constructed is shown in Figure 3.1(b). We note that a is a c.p. 
of the s.c. graph G. 

The following algorithm was given by Gibbs [98] for the construction of all s.c. graphs 
with 4n-|-l vertices. 

Algorithm 3.2 (Qibbs [98]) : An algorithm to construct s.c. graphs with 4n-fl 
vertices where n is a positive integer 

Choose positive integers P2,P3, • - . ,Pa such that E|=2P» = 4n, Pi < pj Jot all 
< i < j < s and Pi = 2*‘ for some ki > 2 where 2 < i < s. Let a = aia2 • • • o’, where 
O’! = (no) Oi — {viiVi2...Vip,) for all 2 < i < s be a permutation on 4^+1 labels 
no, ^21, ^22, . . . , n2p2, nai, U32, . . . , . . . , n,i, n,2, . . . , n^p,. For the label Vq define n2i, nai, . . . , u,i 

as its range. For the label vn where 2 <i < s— 1 define n^, n,3, . . . , n(i+i)i, n(i+i)2, . ■ • , 

n(,’+i)p,, n(,+2)i, n(i+2)2, • • • , n{,+2)p., • • • , n,!, Vs2 , . . . , n,p,. as the range ofvn. For the label n,i de- 
fine Vs2i na3, . . . , as its range. Construct a graph G with 4^+1 vertices by identifying 

the vertices of G with the labels vq and Vij where 2 < i < s, 1 < J < p, and the adjacencies 
of the vertices of G are determined as follows. 

(a) For each pair [uo,nji] where Uji is in the range of Vq it is arbitrarily decided whether 
[no,nii] G E{G) or [no,nii] ^ E{G). 

(b) After completing (a) whether the pairs [(T*(no),c7*(u,i)] e E{G) or [o’*(uo),<t*(u,i)] ^ 
E{G) for alll< k < Pi — I is determined as follows for each pair [uq, nn] such that n,i is in 
the range of vq. The pair [o’*(uo),t7*(n,-i)] € E{G) if and only if [no,nii] G E{G) when k is 
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even and [a*(uo), o-*(vii)] ^ E{G) if and only i/[uo,Vii] € E{G) when k is odd. 

( c) For each pair [u,i , Ujr] where 2 < i < s and is a vertex in the range of vn it is arbi- 
trarily decided whether [vii, Ujr] G E{G) or [uiijUjr] ^ E{G). 

(d) After completing (c) whether the pairs G E{G) or ^ 

E{G) for alll < k <pj — l is determined as follows for each pair [z;,i, such that 2 <i< s 

and Vjr is in the range ofvn. The pair (T*'(uj>)] € E{G) if and only if[vii,Vjr] € E{G) 

when k is even and the pair [o’*(vti),c’’*'(t^jr)] ^ E{G) if and only iflvuyV^r] € E{G) when k 
is odd. 

The following Theorem states that a graph G is a s.c. graph with 4n+l vertices if and 
only if it can be constructed by Algorithm 3.2. 

Theorem 3.2 (Gibbs [98]) : (i) The graphs constructed by Algorithms . 2 are s.c. graphs 
with 4 n+l vertices where n is a positive integer. 

(a) Every s.c. graph with vertices for all positive integer n can be constructed by 

Algorithms. 2. 

We illustrate Algorithm3.2 by constructing a s.c. graph with 13 vertices. Two positive 
integers p2 = 4 and pa = 8 are chosen. We note that the positive integers p^ and pz are such 
thatp2+P3 = 12, p2 < P3,P2 = 2^ andpa = 2®. Letcr = {vz){v 2 iV 22 V 2 iV 2 i){vziVz 2 VzzVziVzzVzeVziVzz) 
be a permutation on 13 labels vo and v,j where i = 2,3, 1 < j < Pi. For the label vo the 
labels V 21 and uai constitute its range. For the label V21 the labels U22)^^23)^^3i-^'32>^'33 and 
V 34 constitute its range. For the label uai the labels Va2)^^33)V34 and U35 constitute its range. 

We construct a graph G with 13 vertices by identifying the vertices of G with the labels uq 
and v,j where f = 2, 3, 1 < j < Pi and the adjacencies of the vertices of G are determined as 
follows. 

(a) For each pair [uo.ua] where vn is in the range of Uq we decide arbitrarily whether 
bo,v,i] e E{G) or [uo,v,i] ^ E{G). Let the vertex Uq be adjacent to uai of its range and 
non-adjacent to U21 of its range as showiH in Figure 3.2(a). 

(b) After completing (a) whether the pair [(T*'(uo),cr^(uii)] ^ E{G) or [cr*'(uo), o-*'(r,i)] ^ E{G) 
for all 1 < ifc < p, — 1 is determined as follows for each pair [uo^fii] such that va is in the 
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range of vq. The pair [<7*(t;o),(T*(t;ii)] G E{G) if and only if [uo,t;ii] G E{G) when k is even 
and [(T*’(uo), ^ E{G) if and only if [vq, v,i] G E{G) when k is odd. 

(c) For each pair [utijUj-r] where i = 2,3 and vjr is a vertex in the range of vu, we decide 
arbitrarily whether [u.i.Ujv] G E(G) or [uii.Ujv] ^ E(G). Let the vertex V 21 be adjacent to 
the vertices V 32 , V 33 and ^34 and non-adjacent to the vertices V 22 , V 23 and t; 3 i of its range as 
shown in Figure 3.2(a). Let the vertex U 31 be adjacent to the vertices V 32 , V 33 and t ;35 and 
non-adjacent to the vertex V 34 of its range as shown in Figure 3.2(a). 

(d) After completing (c) whether [cr*'(u,i),cr*(vj>)] € E{G) or [o’*(t;,i), (J*’(ujr)] ^ E{G) for 

all 1 < A < Pj - 1 is determined as follows for each pair [vti, Vjr] where i = 2,3 and Vjr is in 
the range of ua. The pair [<T*'(vti),£’'*’(v)] ^ ■®(^) if Ni,v,r] € E{G) when k is 

even and [c7*'(u,i), ^ E!{G) if and only if Pjv] ^ ■S'(G) when k is odd. 

The labelled graph G constructed is shown in Figure 3.2(b). We note that a is a c.p. 
of the s.c. graph G. 


3.3 On the existence of self-complementary chordal graphs 

The following result was obtained independently by Ringel [178] and Sachs [190] for the 
existence of s.c. graphs. 

Theorem 3.3 (Ringel [178], Sachs [190]) : A self-complementary graph with p vertices 
exists if and only if p= 4 n or p= 4 n+l where n is a positive integer. 

The following result gives a necessary condition for the existence of s.c. chordal graphs. 

Theorem 3.4 : A s.c. chordal graph with p vertices exists only if p= 4 n or p=4n+l where 
n is a positive integer. 

Proof: Follows from Theorem3.3. □ 

Existence of s.c. chordal graphs with 4n vertices for all positive integers n is assured 
by the following Theorem. 

Theorem 3.5 : There exists s.c. chordal graphs with 4^ vertices for all positive integer n. 
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Proof: Let n be a positive integer. Let G be a graph with 4n vertices 0, 1, . . . , 4n - 1 whose 
adjacencies are defined by the following conditions (a),(b) and (c). 

(a) Any two even labelled vertices are adjacent. 

(b) Any two odd labelled vertices are non-adjacent. 

(c) The vertex 2i+l where 0 < z < 2n-l is adjacent to the vertices (2z+2)4„, (2z+4)4„, . . . , 
(2i 4- 2n)4„ and non-adjacent to the vertices (2i -H 2n + 2)4„, (2z -1- 2n -1- 4)4„, . . . , 

(2z -I- 4n)4„ where for a non-negative integer k the non-negative integer {k) 4 n is such that 
k = (A:)4n (mod 4n). 

The graphs G when n=l, n=2 and n=3 are shown in Figure 3.3(a), Figure 3.3(b) and 
Figure 3.3(c) respectively. 

The graph G is a s.c. graph since (012 • • • 4n - 1) is a c.p. of G. Let 
Vi = {0, 2, 4, . . . , 4n — 2} and V 2 = {1, 3, . . . , 4n — 1}. We note that < Vi > is a complete 
subgraph of G and V2 is a stable set of G. Also the sets Vi and V 2 partition V(G). Hence G 
is a split graph. So by Theorem2.19 G is a s.c. chordal graph. □ 

The existence of s.c. chordal graphs with 4n+l vertices for all positive integer n is 
assured by the following Theorem. 

Theorem 3.6 There exist s.c. chordal graphs with 4n+l vertices for all positive integers 
n. 


Proof: Let n be a positive integer. Let G be a graph with 4n-l-l vertices 0, 1,2, ...,4n 
whose adjacencies are defined by the following conditions (a), (b), (c) and (d). 

(a) Any two even labelled vertices are adjacent. 

(b) Any two odd labelled vertices are non-adjacent. 

(c) The vertex 4n is non-adjacent to the vertices 1, 3, . . . , 4n — 1. 

(d) The vertex 2z-t-l where 0 < z < 2n-l is adjacent to the vertices (2z-f-2)4„, (2z-l-4)4„, . . . , 
(2z + 2n)4„ and non-adjacent to the vertices (2z + 2n + 2)4„, (2z -f 2n -I- 4)4„, . . . , 

(2z -f 4n)4n where for a non-negative integer k the non-negative integer (k) 4 n is such that 
k = (fc)4„ (mod 4n). 

The graphs G when n=l, n=2 and n=3 are shown in Figure 3.4(a), Figure 3.4(b) and 
Figure 3.4(c). 
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The graph G is a s.c. graph since (0 12 - ■■An- l)(4n) is a c.p. of G. Let 
V]_ — {0, 2, 4, . . . , 4n} and V 2 = {1,3, ...,4n — 1}. We note that < Vi > is a complete 
subgraph of G and V 2 is a stable set of G. Also Vi and Vj partition V{G). Hence G is a split 
graph. Therefore by Theorem2.19 G is a chordal graph. □ 

The following result gives a necessary and sufficient condition for the existence of a s.c. 
chordal graph. 

Theorem 3.7 ; A s.c. chordal graph with p vertices exists if and only if p=fn or p=4n+l 
where n is a positive integer. 

Proof: Follows from Theorems. 4, Theorems. 5 and Theorems. 6. □ 

3.4 Algorithms for constructing self-complementary chordal 
graphs 

The following algorithm constructs all s.c. chordal graphs with 4n vertices. 

Algorithm 3.3 : An algorithm to construct s.c. chordal graphs with 4n vertices 
where n is a positive integer 

Choose positive integers Pi,P 2 , ■ • • iPs such that Yli=iPi = 4n, p,- < pj for all 
1 < * < j < 5 and Pi = 2*'‘ for some ki > 2 where I <i < s. Let a* = where <y* = 

{viiVi 2 . . . Vip.) for all 1 < i < s be a permutation on fn labels i'll, 1^12, • • • , r'2i. ^22, - • • 1 

V 2 p 2 , • • • > '^ii, Vs 2 , • • • , Vsp. . For the label vn where 1 <i< s-1 define v^, Viz , . . . , 

^(i+i)i) ^(1+1)2) • • • ) %+i)pi) ^(t+2)i) ^(t+2)2) • • - 1 ^(t+2)p, ) • - • ) ^’sii^s2, ■ • • , Vspi the range of vn. 

For the label Vsi define Vs 2 , Vss, • • • , ^5(^+1) os its range. Construct a graph G with 4n vertices 
by identifying the vertices of G with the labels where 1 < J < 5 and 1 < i < Pi ond the 
adjacencies of the vertices of G are determined as follows. 

(a) For each pair [vii,Vjr] where 1 < i < 5 and vjr is a vertex in the range of vn the pair 

hi,Vjr] 0 E{G) when r is odd and it is arbitrarily decided whether 6 E{G) or 

[^'ii,Ujr] ^ E{G) when r is even. 

(b) After completing (a) whether the pairs [a* (r’jr)] G E{G) or [a* (t’,i),cr* (ujr)] ^ 
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E{G) for all 1 < k < pj — 1 is determined as follows for each pair [utii ^^jr] such that 

1 < i < s and Uj> is in the range of Vn. The pair € E(G) if and only 

if € E{G) when k is even and the pair [o‘**(uji),o'**(uj-)] 0 EJ{G) if and only if 

[vii,Vjr] G E{G) when k is odd. 

The folloTS'ing Theorem is a characterisation of a s.c. graph G with 4n vertices to be a 
chordal graph in terms of its induced subgraph < Even{cr*) > where cr* is a star c.p. 
of G. 

Theorem 3.8 ; Let G be a s.c. graph with p=4n and a star c.p. a*. Then G is a chordal 
graph if and only if < Even{a*) > is a complete subgraph of G. 

Proof: Let G be a chordal graph. By Theorem2.20 a;(G) = 2n. Hence by Theorem2.14 

< Even{a*) > is a complete subgraph of G. 

Let < Even{a*) > be a complete subgraph of G. We note that w(G) > 2n since 
\Even{a*)\ = 2n. Hence by Theorem2.11 u;(G) = 2n. By Theorem2.20 it follows that G is 
a chordal graph. □ 

The following Theorem states that a graph G with 4n vertices is a s.c. chordal graph if 
and only if it can be constructed by Algorithm3.3. 

Theorem 3.9 ; fij The graphs constructed by Algorithms. 3 are s.c. chordal graphs with 4n 
vertices where n is a positive integer. 

(a) Every s.c. chordal graph with 4^ vertices for all positive integers n can be constructed 
by Algorithms. 3. 

Proof: (i) Let n be a positive integer. Let Pi,P 2 .---)Ps be positive integers such that 
E,=i Pi = 4n, Pi < Pj for all 1 < t < ;■ < s and p,- = 2** for some ki > 2 where 1 < i < s. 
Let cr* = ctJctj . . . cr* where cr,* = (vuVi^ • • ■UipJ where 1 < i < 5 be a permutation on 4n 
labels Uii, U i 2 j • . . , U ipj, U 21 , U 22 , • • • t r> 2 p 2 > • • • ) ) ^spj* bet G be a graph constructed 
by Algorithm3.3 from the permutation cr*. We note that G can also be constructed by 
Algorithm3.1 from the permutation cr*. Hence by Theorem3.1(i) G is a s.c. graph. By 
the definition of the graph G it follow's that cr* is a star c.p. of G. For the label u,i where 
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1 < i < s - 1 define as 

the range of Vn. For the label Usi define Us 2 ) Us 3 j • • • > Ua(^+i) as its range. We note that 
for any two vertices Vu and Vjm belonging to Even{<j*) where 1 < i < j < s the pair 
[t’iZiUjm] = [o’**(t^ii)jO’**(vjr)] for some odd integers k and r such that 1 < A: < pj - 1 and 
Vjr is in the range of vn. By the definition of the graph G, [uii,Ujr] ^ E{G) for each pair 
where 1 < i < s and Vjr is a vertex in the range of u,i such that r is odd. Also 
by the definition of G the pair [uint'jv] ^ E{G) implies € E{G) when k 

is odd such that 1 < A: < Pj — 1 for each pair [u,i,UjrI where 1 < i < s and vjr is a vertex 
in the range of Vn such that r is odd. So < Even{a*) > is a complete subgraph of G. By 
TheoremS.S it follows that G is a chordal graph. 

(ii) Let G be a s.c. chordal graph with p=4n where n is a positive integer. Let a* = 
al<J 2 " ‘^s where a* = (uti^a • • • ^tpi) fo^ all 1 < i < s be a star c.p. of G. By TheoremS.S 
< Even{(X*) > is a complete subgraph of G. So Odd{a*) is a stable set of G since Odd{a'*) = 
c*{Even{a*)). Then by Lemma2.2 it follows that G can be constructed by AlgorithmS.S 
from the permutation a*. □ 

We illustrate AlgorithmS.S by constructing a s.c. chordal graph with 12 vertices. 
Two positive integers Pi = 4 and P 2 = 8 are chosen. We note that the positive in- 
tegers Pi and p 2 are such that pi + P 2 — 12, pi < P 2 > Pi — ^ P 2 — 2 . Let 
a* = {vnVnVnVu)iv 2 iV 22 V 2 zV 24 V 25 V 26 V 27 V 2 s) be a permutation on 12 labels Vi^ where i = 1, 2 
and 1 < j < Pi. For the label Un the labels vi2,Viz,V2i,V22,V23 and U 24 constitute its range. 
For the label U 21 the labels U 22 >V 23 ,V 24 and U 25 constitute its range. We construct a graph 
G with 12 vertices by identifying the vertices of G with the labels Uy where i = 1, 2 and 
l<j<Pi and the adjacencies of the vertices of G are determined as follows. 

(a) For each pair [u.i.i;,,] where i = 1,2 and Ujv is a vertex in the range of Uii the pair 
[r.i.Ujr] i E{G) when r is odd and it is arbitrarily decided whether [uii.Ujv] € E[G) or 
[viuVjr] ^ E{G) when r is even. Let the vertex un be adjacent to the vertices i;i 2 and U 22 
and non-adjacent to the vertex U 24 of its range as shown Figure 3.o(a). Let the vertex U 21 
be adjacent to the vertex V 24 and non-adjacent to the vertex V 22 of its range as showm in 

Figure3.5(a). 

(b) After completing (a) whether [o* (u,i),cr* (ujr)] G E{G) or [<7 (ua), 0 ‘ (ujr)] 4- E{(j) 
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for all 1 ^ A: < Pj- 1 is determined as follows for each pair [ufi, Vjv] where i = 1, 2 and Ujv is 
in the range of Vn. The pair 6 EiG) if and only if € £^(<3) when 

k is even and [a-*''(nii),o*‘(njr)] ^ E{G) if and only if [uii,Ujr] € E{G) when k is odd. 

The labelled graph G constructed is shown in Figure 3.5(b). We note that a* is a star 
c.p. of the s.c. chordal graph G. 

Remark: Algorithm3.3 may construct the same graph (with different labellings) repete- 
tively. For example consider the graphs shown in Figure 3.6(b) and Figure 3.7(b) which are 
constructed by Algorithm3.3 with the adjacency schemes shown in Figure 3.6(a) and Figure 
3.7(a) respectively. We note that these two graphs are isomorphic. So after constructing 
all s.c. chordal graphs with 4n vertices from Algorithm3.3 to compile a catalogue of s.c. 
chordal graphs with 4n vertices every pair of the constructed graphs should be tested for 
isomorphism. 

The following algorithm constructs all s.c. chordal graphs with 4n+l vertices. 

Algorithm 3.4 : An algorithm to construct s.c. chordal graphs with 4n+l 
vertices, n a positive integer 

Choose positive integers P2,'Pii •••)?« ^uc/i that Yli=2Pi — Pi < Pj for all 
2 < i i < s and Pi = for some k > 2 where 2 < i < s. Let a* = ala^ where 
a* = (uo) and cr? = (ti,i n ,2 Uip,) for all 2 < i < s be a permutation on ^n+l labels 
Vo, V21, V22, ‘ • I V2p2, V31, U 32 » • • • I Vspg, . . . , Vs\,Vt2, • • • > • Eor the labelva define ^ 21 ,^ 31 , . . . , V31 

as its range. For the label vn where 2 < z < s— 1 define va, va , . . . , W(j+i)i, *^( 1 + 1 ) 2 . • • ■ » 

«(i+i)p. > ^^(.+ 2)1 > V(i+ 2 ) 2 , • • . , U(t+ 2 )p. , • • • , ^ 51 , Vs 2 , ...,Vsp, as the range ofva . For the label de- 
fine Vs 2 , Vs 3 , . . . , OS its range. Construct a graph G with 4n+l vertices by identifying 

the vertices of G with the labels vq and Vij where and the adjacencies 

of the vertices of G are determined as follows. 

(a) For each pair [vo, Uii] where vn is in the range of Vq the pair [uo, Ufi] ^ E{G). 

(b) After completing (a) whether the pairs [cr* {vo),o'* (u,i)] € E{G) or [c* (vo),ct (u,i)] ^ 
E{G) for alll<k< Pi-1 is determined as follows for each pair [uo, Uji] such that u,i is in the 
range ofvo. The pair [a*‘(t;o), <^**(«ti)] ^ vihen k is even and [CT**(no), «^‘*(t^ii)] e E{G) 
when k is odd. 



Chapter 3 


50 


(c) For each pair where 2 < i < 5 and vjr is a vertex in the range of vn the pair 

[uiijUjr] ^ F{G) when r is odd and it is arbitrarily decided whether [vti, Ujr] ^ F{G) or 

^ F{G) when r is even. 

(d) After completing (c) whether the pairs € E{G) or ^ 

E{G) for all 1 < k < pj — 1 is determined as follows for each pair [uii, Vjf\ such that 
2 <i < s and vjr is in the range of va. The pair a*‘(ujv)] G E{G) if and only 

if ['OiijUjr] € E(G) when k is even and the pair [o’**(uti),(T**'(t)jr)] ^ E!{G) if and only if 
[uti, Ujr] G F{G) when k is odd. 

Let G be a s.c. graph with a c.p. cr. The following Theorem establishes a relation 
between the degree of a vertex and the degree of its image under a. 

Theorem 3-10 ; Let G be a s.c. graph with p vertices. Let cr = criaa • • •o's where 

Oi = {viiVi 2 ■ • -Oip.) for alll <i < s be a c.p. of G. Then dega{vij) + degaicrivtj)) =p-l 

for all 1 <i < s and 1 < j < Pi. 

Proof: We note that dega{vij) = degQ{cr{vij)) for all 1 < i < s and 1 < j < Pi since a is a 
vertex isomorphism of G onto G. Also degQ{cr{vij)) = p — 1 — degG{cT{vij)) for all 1 < i < s 
and 1 < j < p,. Hence degaivij) + degG{cr{vtj)) = p - 1 for all 1 < i < 5 and 

l<j<Pi. □ 

Corollary 3.1 : Let G be a s.c. chordal graph with p=J^n+l. Let cr be a c.p, of G with Vq 
as its fixed vertex. Then degGipo) — 2 n. 

Proof: We note that (t(uo) = since Vo is the fixed vertex of cr. Hence from Theorems. 10 
degGivo) = 2n. □ 

Let G be a s.c. chordal graph with 4n+l vertices. Let a be a c.p. of G with uq ss 
its fixed vertex. The following Theorem gives the structure of the induced subgraph of G 
induced by the vertices adjacent to vq. 

Theorem 3.11 ; Let G be a s.c. chordal graph with p=4n+l and a c.p. a. Let vq be the 
fixed vertex of a. Then < iV/idc(uo) >— • 
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Proof: By Theorem2.20 u}{G) = 2n + 1. Let C be a maximum clique of G. Let Vc be the 
vertex set of C. We prove that uo € Vc. Let vo Vc. We note that C is a maYirmnn clique of 
G — vq. Then u{G — Vq) = 2n+l- By Corollary2.1 G—vq is as.c. graph. So by Theorem2.11 
uj(G — Vo) < 2n, a contradiction. Hence vq € Vc. By CorollaryS.l degc{vo) = 2n. Then it 
follows that < Nhdcivo) >= K 2 n. □ 

Let G be a s.c. chordal graph with 4n+l vertices. Let a* be a star c.p. of G with uq as 
its fixed vertex. The following Theorem states that the vertices adjacent to uq are precisely 
the vertices in Even{a*). 

Theorem 3.12 ; Let G be a s.c. chordal graph vnth p=4n+l and a star c.p. a*. Let Vq be 
the fixed vertex of a*. Then Nhdo{vo) = Even{a*). 

Proof: Let a* = crjo-j • • • cr* where a* = {vuViz • • • VipJ. By CorollaryS.l |iV/idG(^^o)| = 2n. 
So to show that Nhdcivo) = Even{c*), we prove that Nhdc{vo) D {Odd{a*) — {uo}) = 0 
for both the sets Nhd{vo) and Even{a*) have 2n elements. Let a vertex % € Nhdo{vo) H 
{Odd{<j*) — {uo}). By Corollary2.2 G — vo is a s.c. graph with a star c.p. cr*l(T*. So 
by Theorem2.11 and Theorem3.ll u{G — Vq) = 2n. By Theorem2.14 < Even{a*/al) > 
is a complete subgraph of G — vq and hence a complete subgraph of G. It follows that < 
Even{a*) > is a complete subgraph of G since Even{a*) = Even{a*/a*). Since the induced 
subgraph < Even{a*) > of G is a complete subgraph of G, it implies that Odd{a*) — {uq} is 
a stable set of G since Odd{a*) - {uq} = a*{Even{a*)). The vertex Vij belongs to Odd{cr*) - 
{uo} implies that cr**(uy) is a vertex distinct from Vy such that cr*^(v,j) E Odd(cr*) — {uq} 
since by Theorem2.1 the length of every permutation cycle of cr* is atleast 4 except the cycle 
(uo). We note that [%,uo] € E(G) since Uy E Nhdcivo). Also by Lemma2.2 [uy.uo] E E{G) 
implies [cr**(uy), cr**(uo)] = [o’**(v,j),uo] E E{G). Then <7**(uy) € Nhdcivo). The pair 
^ EiG) since Uy E C>dd(cr*)-{uo}, o-**(vy) € Odd(cr*) -{ uq} and C>dd(a*)-{no} 
is a stable set of G. Hence Nhdcivo) is not a complete subgraph of G, a contradiction to 
Theorem3.11. Therefore Nhddvo) H iOddicr*) — {uo}) =0- ^ 

The following Theorem is a characterisation of a s.c. graph G vuth 4n+l vertices to be 
a chordal graph in terms of its induced subgraph < Evenia*) U {vo} > where cr* is a star 
c.p. of G with Vo as its fixed vertex. 
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Theorem 3.13 : Let G be a s.c. graph ruith 4n+l vertices. Let a* be a star c.p. of G with 
Vq as its fixed vertex. Then G is chordal if and only if < Even{cr*) U {uo} > is a complete 
subgraph of G. 


Proof: Let G be a chordal graph. By Theorem3.ll and Theorem3.12 < Even{a*) U {uo} > 
is a complete subgraph of G, 

Let < Even{a*) U {uo} > be a complete subgraph of G. Then u}{G) > 2n + 1 since 
\Even{a*)\ = 2n. So by Theorem2.11 it follows that u{G) = 2n+ 1. Hence by Theorem2.20 

G is a chordal graph. □ 

The following Theorem states that a graph G with 4n+l vertices is a s.c. chordal graph 
if and only if it can be constructed by Algorithm3.4. 


Theorem 3.14 : (i) The graphs constructed by Algorithms. 4 are s.c. chordal graphs with 
4n-tl vertices where n is a positive integer. 

(ii) Every s.c. chordal graph with 4n+l veHices for all positive integers n can he constructed 
by Algorithm3.4- 

Proof: (i) Let n be a positive integer. Let p 2 ,P 3 ,---iP» positive integers such that 
EUPt = “t". Pi < Pj for all 2 < i < J < s and Pi = 2*' for some ki > 2 where 2 < t < s. 
Uta- = where o,- = (Po) and ,r; = (Pi.Pa ■■ ■n..,) where 2 < i < s be a 

permutation on 4n+l labels vo, V 2 i,V 22 > ■ • - jUapj) UMiesri ■ • ■ iPsps* • • ■ )n.i)n*25 ■ • • ^ 

be a graph constructed by Algorithm3.4 from the permutation <t'. We note that G can also 
be constructed by Algorithm3.2 from the permutation u'. Hence by Theorem3.2(i) G is a s.c. 
graph. By the definition of the graph G it follows that <r- is a star c.p. of G. For the labei u,. 
where 2 < i < 5 - 1 define Oa, Pa, • • ■ , p,(?+i). ’'C+W' ' ' ' ■ , • • • , p.i. "<2. • • • ■ ''v. 

as the range of un. For the label u.r define p.s.ua, “ its range. We note that 

for any two vertices pu and pj„ belonging to Epen(<r-) where 2 < i < j < s the pair 
[Pii.Pjml = k‘‘(P.i).‘f*(Prr)l for some odd integers k and r such that 1 < t < Pr - 1 and 
Pi, is in the range of p„. By the definition of the graph G, |Pi„Pi,l ? E(G) for each pan 
[p„, Pi,l where 2 < i < s and p,> is a vertex in the range of Pir sud. that r is odd. Also bf 
the definition of G the pair [un.Pi,) ^ E{G) implies [o (UiO.o (Pjr)l € E(G) when 
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odd sucdx that 1 < A: < pj — 1 for each pair [u,i, where 2 < i < a and Vj^ is a vertex in 
the range of vn such that r is odd. So < Even^a*) > is a complete subgraph of G. By the 
definition of G, [i;o, u.-i] ^ E{G) for all 2 < i < s. Also for all Vij e Even{a*) where 2 <i<s 
the pair [uo,Uij] = [a* (vo),a* (uji)] where k is some odd integer such that 1 < k < pi — 1 . 
So [uo,Wij] € E(G) for all Vij € Even(cr*) since [uo.Uji] ^ E(G) for all 2 < i < s. Therefore 
< {^o} C Even(a*) > is a complete subgraph of G. By Theorem3.13 it follows that G is a 
chordal graph, 

(ii) Let G be a s.c. chordaJ graph with p=4n+l where n is a positive integer. Let c* = 
cr* (Ta • • • cr* where aj = (vq) and a* = (vuv^ . . . VipJ for all 2 < i < s be a star c.p. of G. 
By Theorems. 13 < {uq} U Even((T*) > is a complete subgraph of G, So Odd(a*) U {uq} is a 
stable set of G since Odd{cr*) U {t^o} = ( 7 *{Even{a*) U {vo})* Then by Lemma2.2 it follows 
that G can be constructed by Algorithms. 4 from the permutation a*. □ 

We illustrate Algorithm3.4 by constructing a s.c. chordal graph with 13 vertices. Two 
positive integers pa = 4 and ps = 8 are chosen. We note that P2+Pz = 12, P2 < Pz, Pz = 2^ 
and p3 = 2^. Let c* = (uo)(^2iy22^23t^24)(^3i^32V33^34V35^36^37^38) he a permutation on 13 
labels Ufl and Vij where i = 2, 3, 1 < y < Pi. For the label vo the labels V21 and U31 constitute 
its range. For the label V21 the labels t;22, ^23, U31, ^^32, vzz and U34 constitute its range. For the 
label U31 the labels U32, U33, U34 and U35 constitute its range. We construct a graph G with 13 
vertices by identifying the vertices of G with the labels vo and Vij where i = 2, 3, 1 < y < Pi 

and the adjacencies of the vertices of G are determined as follows. 

(a) For each pair [uq, Uii] where u,i is in the range of vo the pair [uq, Vii] ^ E{G) as shown in 
Figure 3.8(a). 

(b) After completing (a) whether the pair [o’**(uo)>o’**(un)] € E{G) or [cr* (uo),(t* (uii)] ^ 
E{G) for all 1 < ik < Pi — 1 is determined as follows for each pair [uo, Uii] such that vn is in 
the range of uq. The pair [a**(no),o'**(uii)] G E{G) if and only if [uo,Uii] 6 E{G) when k is 
even and [cr**(uo), cr**(vii)] ^ E{G) if and only if [vq, Uii] € E{G) when k is odd. 

(c) For each pair [uii , where i = 2, 3 and Vjr is a vertex in the range of Uii the pair 

Ni,Uj>] ^ E{G) when r is odd and it is arbitrarily decided whether [uii,t/j>] € E{G) or 
Ki, Vjr] 0 E{G) when r is even. Let the vertex U21 be adjacent to the vertices V22 and D32 
and non-adjacent to the vertex U34 of its range as shown in Figure 3.8(a). Let the vertex 
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t; 3 i be adjacent to the vertex V 34 and non-adjacent to the vertex V 32 of its range as shown in 
Figure 3.8(a). 

(d) After completing (c) whether [cr*^(t;ii),CT*‘(ujr)] € E{G) or [cr*‘(nii),a**(vjr)] ^ E{G) 
for all 1 < A: < Pj — 1 is determined as follows for each pair [uji, Vjr] where i = 2,3 and vjr is 
in the range of Wii. The pair [a**(uii),(T**(t;jr)] G jB(G) if and only if £ E{G) when 

k is even and [<T*‘’(nii),a**(t;jr)] ^ B(G) if and only if [t)ii,Ujr] € E(G) when k is odd. 

The labelled graph G constructed is shown in Figure 3.8(b). We note that a* is a star 
c.p. of the s.c. chordal graph G. 

Remark: Algorithm3.4 may construct the same graph (with different labellings) many 
times. For example consider the graphs shown in Figure 3.9(b) and Figure 3.10(b) which 
are constructed by Algorithm3.4 with the adjacency schemes shown in Figure 3.9(a) and 
Figure 3.10(a) respectively. The two graphs constructed by Algorithm3.4 are isomorphic. To 
compile a catalogue of s.c. chordal graphs with 4n+l vertices, every pair of the constructed 
graphs should be tested whether the graphs are isomorphic or not after constructing all s.c. 
chordal graphs with 4n+l vertices from Algorithm3.4. 
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Figure 3.3a 
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Figure 3.3b 
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Figure 3.3c 
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Figure 3.4b 
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Figure 3.4c 
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<''0 > ( ^''22 ''23 '' 24 ) ( ''31 '32 '33 ' 34 '' 35 '' 36 '' 37'' 38 ) 


Figure 3.8a 



Figure 3.8b 
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On the isomorphism and the 
catalogue compilation of 
self-complementary chordal graphs 

4.1 Introduction 

Colbourn et. al. [65] and [66] prove that the isomorphism of s.c. graphs and the isomorphism 
of regular s.c. graphs are polynomially equivalent to the isomorphism problem. In Section4.2 
of this chapter we prove that the isomorphism of s.c chordal graphs, the isomorphism of s.c. 
chordal graphs with 4n vertices and the isomorphism of s.c. chordal graphs with 4n+l 
vertices are polynomially equivalent. Catalogue of s.c. graphs with 8 vertices had been 
compiled by Alter [5], Faradzhev [78], Morris [143] and Venkatachalam [225]. Faradzhev [78] 
and Morris [143] also compiled the catalogue of s.c. graphs with 9 vertices. Faradzhev [78] 
and Kropar et. al. [127] obtained the catalogue of s.c. graphs with 12 vertices. Kropar and 
Read in [127] observed that obtaining catalogue of s.c. graphs with more than 12 vertices 
was quite difficult. In the case of s.c. chordal graphs too the compilation of catalogue seems 
to be quite difficult. This difficulty is due to its close relationship with the isomorphism 
of s.c. chordal graphs as observed in the pre\’ious chapter. However we could compile the 
catalogue of s.c. chordal graphs with atmost 13 vertices using the existing catalogue of s.c. 
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graphs. In Section 4.3 of this chapter we give linear time algorithms to decide whether a 
given s.c. graph with 4n or 4n+l vertices is chordal or not. Using this algorithm, from the 
available catalogue of s.c. graphs with atmost 12 vertices we locate those graphs which are 
chordal and obtain the catalogue of s.c. chordal graphs with atmost 12 vertices. We also 
obtain the catalogue of s.c. chordal graphs with 13 vertices by giving a method for obtaining 
all non-isomorphic s.c. chordal graphs with 4n+l vertices from the set of all non-isomorphic 
s.c. chordal graphs with 4n vertices. 


4.2 Algorithmic complexity of the isomorphism of self- 
complementary chordal graphs 

Lemma 4.1 ; Let G' and G" be such that G' = G". Let -ip be a vertex isomorphism of G' 
onto G". Then G' - v ^ G" - rp{v). 

Proof: Follows from the definition of xp the vertex isomorphism of G' onto G". □ 

For a s.c. graph G with 4n vertices and a star c.p. cr* the following result gives an 
upper bound and a lower bound for the degrees of the vertices in Odd{c*) and Even{cr*) 
respectively. 

Theorem 4.1 ; Let G be a s.c. chordal graph with p=4n and a star c.p. c*. Then 

(i) degcivij) < 2n — 1 for all Vij £ Odd{o*) 

(ii) dega{vij) > 2n for all Vij £ Even{cr*). 

Proof: (i) We note that e*{Even{a*)) = Odd{a*). Also we note that u}{G) = 2n by 
Theorem2.20. Let degaivij) > 2n for some vertex % G Oddia*). By Theorem2.14 
< Even{a*) > is a maximum clique of G. Hence Odd{(x*) is a stable set of G. So the vertex 
Vij can be adjacent with only even labelled vertices of in G. We note that Vij is adjacent 
with all even labelled vertices of a* since degaivij) > 2n, \Even{a*)\ = 2n and Vij is adjacent 
with only even labelled vertices of <7*. Hence < {uy} U Even{a*) > is a complete subgraph 
of G, a contradiction. Therefore degaivij) < 2n — 1 for all Vij 6 Oddia ). 
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(ii) Let degaivij) < 2n - 1 for some vertex Vij e Even{a*). By TheoremS.lO 
degGi<^*{vij)) > 2n, a contradiction to (i) of this Theorem since < 7 *(uy) € Odd{a*). Therefore 
degcivij) > 2n for ail Vij € Even(a*). □ 

For a s.c. graph G with 4n+l vertices and a star c.p. a* the following result gives 
an upper bound and a lower bound for the degrees of the vertices in Odd{a*) - {uq} and 
Even{a*) respectively where Uq is the fixed vertex of a*. 

Theorem 4.2 ; Let G be a s.c. chordal graph with p=4ti+ 1 and a star c.p. ex*. Let Vq be 
the fixed vertex of a* . Then 

(i) degeivij) <2n—l for all Vij € Odd{o*) — {vq} 

(ii) degoivij) > 2n + 1 for all Vij G Even{a*). 

Proof: Let G' = G — vo- By Corollary2.2 (?' is a s.c. graph with a star c.p. o* /a\. So 
by Theorem4.1, degeivif) < 2n - 1 for all Vij € Odd{a*/al) and degeivij) > 2n for all 
Vij € Even{(7*/al). Also Odd{a*/crl) = Odd{a*) - {uq} and Even{a*jal) = Even{a*). 
Hence degaivij) < 2n - 1 for all % € Odd{a*) - {uo} and degoivij) > 2n + 1 for all 
Vij G Even{a*) since by Theorem3.12 Nhdaivo) = Even{a*). □ 

Let G be a s.c. chordal graph with 4n vertices. The graph Gu o uo obtained from G is 
also a s.c. chordal graph. 

Theorem 4.3 : Let G be a s.c. chordal graph with p=4n. Let 

U = {v G V{G) : degaiv) > 2n} and uq be a vertex not belonging to V(G). Then Guouq 
is a s.c. chordal graph. 

Proof: By Theorem 2.20 we note that uj{G) = 2n. Let a* = (xla^---cr* where al = 
{vixVi 2 ••• UipJ for 1 < i < s be a star c.p. of G. Let E' be the edge set of the graph Gu o wo- 
Let a* = (uo)a*. We prove that cr* is a c.p. of Gu o no. By the definition of the graph 
Gu ouq the pair [uoj Vij] G E' if and only if dega^Vij) > 2n for all 1 < i < s and 1 ^ j ^ Pi- 
By TheoremS.lO degoiVij) > 2n if and only if degder^ivij)) < 2n - 1 for all 1 < i < s and 
1 < i < Pi- We note that degoia^ivij)) < 2n - 1 if and only if [uq, ^ E' for all 

1 < i < s and 1 < i < Pi by the definition of the graph Gu o uq. Hence [no, %] G E' if and 
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only if [uo, (^*{vij)] ^ for all 1 < i < s and 1 < j < Therefore [uo, Uy] € F if and only if 
[a* (no), a* (%• )] ^ E', since [a* {uq), ct*' {vij)] = [no, a*' (wy )] for all 1 < i < s and 1 < j < pf. 
For any two distinct vertices Vij and vim such that l<i<s, l<j<pi,l<Z<s and 


1 < m < p/ the pair [ny,?;^] e E' if and only if ^ E' 

r 

since a* is a star c.p. of G. Therefore a* is a c.p. of Gu o no- So Gu o no is a s.c. 
graph. By Theorem2.11 u}{Gu o no) < 2n + 1. We prove that u}{Gu o no) > 2n + 1. By 
Theorem4.1 U = Even{a*). By Theorem2.14 < Even{c*) > is a complete subgraph of G 
since u}{G) = 2n. Hence < {uo}UEven{a*) > is a complete subgraph of Guouq . T his leads 
to u(Guouo) > 2n + 1. So uj(Guouo) = 2n + 1. By Theorem2.20 the Theorem follows. □ 
Let G be a s.c. chordal graph with 4n+l vertices and a c.p. cr. The graph G — vo 
obtained from G is also a s.c. chordal graph. 


Theorem 4.4 ; Let G be a s.c. chordal graph with p=4n+l and a c.p. a. Let vq be the 
fixed vertex of a. Then G — Vq is a s.c. chordal graph. 

Proof: By Corollary2.1 G is a s.c. graph. We prove that G — vq is chordal by showing 
u}{G — no) = 2n. By Theorem2.11 a){G — vq) < 2n. By Theorems. 11 < Nhd{vo) >= K 2 n • 
Hence u){G - vq ) > 2n. Then uj{G - no) = 2n. The result follows from Theorem2.20. □ 

Lemma 4.2 ; Let G be a s.c. chordal graph with p=4n-i-l. Let a* be a star c.p. of G with 
Vq as its fixed vertex. Let U = {n € F(G — uo) : degc-voi'^) ^ 2n} and uq be a vertex not 
belonging to V (G — no). Then {G — Vo)u ouq = G. 

Proof: Let a* = • • - crl where ai = (no) and Cj = {viiVi 2 - • -Vip^) for 2 < i < s. By 

Theorem4.4 G - no is a s.c. chordal graph. We note that cr*/crl is a star c.p. of G - no. 
So by Theorem4.1 U = Even{a*l(rl). By Theorems. 12 Nhdaivo) = Even{o*). Hence 
NhdcivQ) = U since Even{a*) - Even{a*la\). Therefore by the definition of the graph 
(G — no)i; o no it follows that (G — no)t; ouo = G. □ 

Lemma 4.3 ; Let G be a s.c. chordal graph with p=4n and a star c.p. a*. Let 

f 

U = {v e V(G) : degc(v) > 2n} and uq be a vertex not belonging to V{G). Let a* be a 
star c.p. of Gu o no with Vq as its fixed vertex. Then {Gu o no) — Vq = G. 
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Proof: By Theorem4.1 U = Even(a*). So Nhdo^^,(uo} = Even(a*}. Therefore 
|7V/ic?(3youo(tio)| = 2n since \Even{a*)\ = 2n. Then deg(jj^^^^(uQ) = 2n. Hence by Theorem4.2 
uo = Vq. Therefore {Gu ouq) -Vq = G . □ 

The following result states that the verification of whether two given s.c. chordal graphs 
with 4n vertices are isomorphic or not could be equivalently posed as a problem of verifying 
whether two given s.c. chordal graphs with 4n+l vertices are isomorphic or not. 

Theorem 4.5 : Let G' and G" he s. c. chordal graphs with 4n vertices. Let 

U' = {v € V{G') : dega’{v) > 2n} and U" = {n e V{G") : degG"{v) > 2n} . Let Uq and 

Uq be vertices not belonging to V {G') and V {G") respectively. Then 

(i) G'u> ouq and G'{j„ ouq are s.c. chordal graphs with 4a+l vertices. 

(ii) G' = G" if and only if G'ui ouq = G'(j„ o Uq . 


Proof: (i) Follows from Theorem 4.3. 

(ii) Let G' = G". Let ^ be a vertex isomorphism of G' onto G". We note that = U". 
We define a 1-1 correspondence ^ from V{G'uiOu'q) onto V{G'{j„ ouq) as follows. 


i^(v) = 


^(n) ifv€V(G') 


Un 


if V = Uq 

We prove that ^ is a vertex isomorphism of G\ji o u'q onto G'ljn o u'l . Let E' = E{G'jjt o u'f) 
and E" = E{G'{j„ o Uq). Let u be a vertex of Gy. o Uq distinct from Uq . By the definition 
of the graph G'ui o Uq we note that [u 0 , v] € E' if and only if v € U'. By the definition of 
the graph G'{j.,ou'^ the pair [uo,'tp(v)] E E" if and only if V’(u) G U". Hence K,t;] € E' if 
and only if [^A(wo), ■0(u)] = K'.'0(v)] € E" since ^{U') = U". Let u and t; be two vertices of 
G'u.ou'q distinct from Uq . We note that both u and v axe vertices of G'. Hence [u, t;] G E' if 
and only if l'i/)(u),ip(v)] = li/’(u),'i/’(v)] E E" since ip is a vertex isomorphism of G' onto G". 
Therefore ^ is a vertex isomophism of G'ui o u'q onto Gyw o Uq . Hence G'yi o Uq = Gysi o Ug. 

Let G'u> on'o^ C{j., o ul . Let ip he a vertex isomorphism of G'y, o u'q onto 
G'^„ o u'i . By (i) of this Theorem G'u, o u'q and G'{j., o < are s.c. chordal graphs wdth 4n-f-l 
vertices. Let ( 7 * and o* be star c.p.^s of G'ui o u'q and G'pjn o u'q respectively. Let Vq and Vq 
be the fixed vertices of cr*' and a*" respectively. By Corollarj'S.l (t-’o) = 2n. Then 
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c^cp£?"„ouj,'(^(^o)) ~ ^65(?y,ou'o(yo) ~ 2n. Hence by Theorem4.2 ^(vq) = Vq. By Lenima4.1 
G'l/r 0Uq — Vq = Gy// o Uq — 'iI>(vq). So (Gy/ o u'q) — Vq = {G'{jn 0 Mq) — Vq. By Leinma4.3 
(Gy/ o u'q) -v'q = G' and (G'y// o u") - ^ G". This leads to G' ^ G". □ 

The following result states that the verification of whether two given s.c. chordal graphs 
with 4n+l vertices are isomorphic or not could be equivalently posed as a problem of verifying 
whether two given s.c. chordal graphs with 4n vertices are isomorphic or not. 

Theorem 4.6 : Let G' and G" be s.c. chordal graphs with 4^-hl vertices. Let a* and o* 
he star c.p. of G' and G" respectively. Let Vq and Vq he the fixed vertices of a* and o* 
respectively. Then 

(i) degcivo) = 2n and dego'{v) 2n for all vertices v of G' distinct from v'q 

(ii) degcivo) = 2n and degG"(v) ^ 2n for all vertices v of G" distinct from v'q 

(iii) G' — Vq and G" — v'q are s.c. chordal graphs with 4n vertices 

(iv) G' = G" if and only if G' — v'q = G" — v'q . 

Proof: (i) and (ii) follow from CorollaryS.l and Theorem4.2. 

(iii) Follows from Theorem 4.4. 

(iv) Let U' = {ve V(G' - v'q) : dego^-v'Jv) > 2n} and 

[/" = {v e V(G" - Vq) : degcx-v'^iy) > 2n}. Let u'q and Uq be vertices not belonging 
to V{G' — Vq) and ^^(G" — Vq) respectively. By Theorem4.5(ii) G' — Vq = G" — Vq if and 
only if (G' — v'q)u' 0 u'q = {G" — Vq)ui' 0 u'q . By Lemma4.2 (G' — Uo)y/ o Uq = G' and 
[G" _ o u'^ ^ G". Hence G' ^ G" if and only if G'-Vq^ G" - Uq- ° 

The following algorithm constructs a s.c. chordal graph with 4n+l vertices from a s.c. 
chordal graph with 4n vertices. 

Algorithm 4.1 ; Given a s.c. chordal graph with 4n vertices this algorithm 
constructs a s.c. chordal graph with 4nH-l vertices 

Input : A s. c. chordal graph with 4n vertices. 

Step 1 .' Locate all the vertices v such that degoiv) > 2n. Call the set of all such vertices 
as U. 
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Output . The graph Gu o uq where uq is a vertex distinct from the vertices of G. 

The following result justifies the claim of Algorithm4.1. 

Theorem 4.7 ; Let G be a s.c. chordal graph with 4n vertices. The output graph Gv ouq 
obtained by Algorithm^.! with G as its input graph is a s.c. chordal graph with 4'^+l vertices. 

Proof: Follows from Theorem4.3. □ 

The complexity of Algorithm4.1 is given by the following result. 

Theorem 4.8 ; Algorithm^.! is computable in linear time. 

Proof: Let a s.c. chordal graph G with 4n vertices be an input to Algorithm4.1. We note 
that Stepl of Algorithm4.1 takes 0(n) time for the input G since it has to examine the 
degrees of the 4n vertices of G to locate all the vertices of degree atleast 2n. So Algorithm4.1 
is computable in linear time. □ 

To illustrate Algorithm4.1 we consider the s.c. chordal graph G with 8 vertices shown 
in Figure 4.1(a). Let G be the input to Algorithm4.1. Step 1 of Algorithm4.1 locates all 
the vertices u of G such that degciv) > 4. We note U = {2, 4, 6, 8}. The output Gv o Uo is 
shown in Figure 4.1(b). 

The following algorithm constructs a s.c. chordal graph with 4n vertices from a s.c. 
chordal graph with 4n+l vertices. 

Algorithm 4.2 .’Given a s.c. chordal graph with 4n+l vertices this algorithm 
constructs a s.c. chordal graph with 4n vertices. 

Input : A s.c. chordal graph G with vertices. 

Step 1 : Locate the vertex v of G such that degoiv) — 27X. Call that vertex as vq. 

Output ; The graph G — vq. 

The following result justifies the claim of Algorithm4.2. 

Theorem 4.9 .• Let G be s.c. chordal graph with 4n-hl vertices. The output graph G-vo 
obtained by Algorithm4.2 with G as its input graph is a s.c. chordal graph with 4n vertices. 
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Proof: Follows from CorollaryS.l, Theorem4.2 and Theorem4.4. □ 

The complexity of Algorithm4.2 is given by the following result. 

Theorem 4.10 ; Algorithm4.2 is computable in linear time. 

Proof: Let a s.c. chordal graph G with 4n+l vertices be an input to Algorithm4.2. We 
note that Stepl of Algorithm4.2 takes 0(n) time for the input G since it has to examine 
the degrees of atmost 4n+l vertices of G to locate the vertex of degree 2n in G. Hence 
Algorithm4.2 is computable in linear time. □ 

To illustrate Algorithm4.2 we consider the s.c. chordal graph G with 9 vertices shown 
in Figure 4.2(a). Let G be the input to Algorithm4.2. Step 1 of Algorithm4.2 locates the 
vertex 9 which is the vertex of degree 4 in G. The output graph G - uo is shovm in 
Figure4.2(b) where vq = 9. 

Isomorphism of s.c. chordal graphs is algorithmically as hard as the isomorphism of 
some of its subclasses. 

Theorem 4.11 : The isomorphism of the following classes of graphs are 
polynomially equivalent. 

(i) S.c. chordal graphs. 

(ii) S.c. chordal graphs with J^n vertices where n is a positive integer. 

(iii) S.c. chordal graphs with 4^+1 vertices where n is a positive integer. 

Proof: We prove that the isomorphism of (ii) is polynomially equivalent to the isomorphism 
of (iii). 

Let G' and G" be two s.c. chordal graphs with 4n vertices. Let U' = {v £ V{G') : 
degc'iv) > 2n} and U" = {v € V{G") : deg^i'^) ^ 2n}. Let uj, and u'^ be vertices not 
belonging to V{G') and V(C?") respectively. Construct the graphs G'^, o Uq and G'{j., o Uq 
by using Algorithm4.1. By Theorem4.7 the graphs Gy/ o u'q and oug are s.c. chordal 
graphs with 4n+l vertices. By Theorem4.5 G' is isomorphic to G" if and only if G'jj, o Ug 
is isomorphic to G'{j.. o Hence the isomorphism of (ii) is pohmomially reducible to the 
isomorphism of (iii) since by Theorem4.8 Algorithm4.1 is poljmomially computable. 
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Let G' and G" be two s.c. chordal graphs with 4n+l vertices. Construct the graphs 
G' - v'o and G" - < by using Algorithni4.2 where u' and nj' are the vertices of G' and G" such 
that degG'iv'o) = 2n and degG"{vQ) = 2n. By Theorem4.9 the graphs G' - Vq and G" - Vg 
are s.c. chordal graphs with 4n vertices. By Theorem4.6 G' is isomorphic to G" if and only 
if G -Vq is isomorphic to G" - Vq. Hence the isomorphism of (iii) is polynomially reducible 
to the isomorphism of (ii) since by Theorem4.10 Algorithm4.2 is polynomially computable. 
Hence the isomorphism of (ii) is polynomially equivalent to the isomorphism of (iii). 
Therefore the Theorem follows from the fact that every s.c. chordal graph has 4n or 
4n+l vertices. □ 

4.3 On the catalogue compilation of self-complementary 
chordal graphs 

The following algorithm recognises whether a given s.c. graph with 4n vertices is chordal or 
not. 

Algorithm 4.3 : Given a s.c. graph G with 4n vertices this algorithm decides 
whether G is chordal or not. 

Input ; A s.c. graph G with 4n vertices. 

Step 1 ; Compute the degrees of the vertices of G. 

Step 2 ; Arrange the degrees of the vertices of G in non-increasing order. Let 

di > d 2 > ■ ■ • > din be the sequence of the degrees of the vertices of G arranged in 
non-increasing order. 

Step 3 : Compute the sum Yl]=i dk- 

Output ; Whether the graph G is chordal or not is decided as follows. The graph G is 
chordal if Ei=i - 2n else it is not chordal. 

The following result justifies the claim of Algorithm4.3. 
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Theorem 4.12 : Let G be a s.c. graph with 4n vertices where n is a positive integer. Then 
G is a chordal graph if and only if it is decided as a chordal graph by AlgorithTn^.S. 

Proof: Follows from Theorem2.34 (i). □ 

The complexity of Algorithm4.3 is given by the following result. 

Theorem 4.13 ; Let G be a s.c. graph with 4^ vertices where n is a positive integer. 
Algorithm4.3 with G as its input graph decides whether G is chordal or not in 0(n) time. 

Proof: Stepl of Algorithm4.3 takes 0(n) time since all the 4n vertices of G should be 
examined to compute the degrees of the vertices of G. The degrees of the vertices of G are 
integers and take values between 0 and An — 1. So it takes 0(n) time for sorting the degrees 
of the 4n vertices of G [1]. Step3 of Algorithm4.3 takes 0(1) time. Therefore the result. □ 
To illustrate Algorithm4.3 we consider the graphs G' and G" shown in Figure 4.3(a) 
and Figure 4.3(b) respectively. 

Let G' be the graph shown in Figure 4.3(a). The graph G' is a s.c. graph since 
(1 2 3 4 5 6 7 8 9 10 11 12) is a c.p. of G'. Let G' be the input to Algorithm4.3. Step 1 of 
Algorithm4.3 yields dega’{2) = degdA) = degoi{6) = degciS) = dega'ilO) = dego' 0-2) = 8 
and dega'{l) = degciZ) = degc'(5) = degoi{7) = degG'{9) = degdll) = 3. Step 2 of 
Algorithm4.3 arranges the degrees of the vertices of G' in non-increasing order di > d 2 > 

• • • > di 2 where di = 8 for 1 < i < 6 and di = 3 for 7 < i < 12. By Step 3 of Algorithm4.3 
ELi di = 48. Since 6n^ - 2n = 48 = ZUi di Algorithm4.3 decides the graph G' is a chordal 
graph. 

Let G" be the graph shown in Figure 4.3(b). The graph G" is s.c. since 
(1 2 3 4 5 6 7 8) is a c.p. of G". Let G" be the input to Algorithm4.3. Step 1 of Algorithm4.3 
yields degG"{2) = degci^) ~ degci^i) — degG"{S) = 4 and depG«(l) = degci^) — 
degG"ib) = degG"{7) - 3. Step 2 of Algorithm4.3 arranges the degrees of the vertices of 
G" in non-increasing order di ^ d 2 > ^ dg where d,- = 4 for 1 i ^ 4 and d, — 3 

for 5 < f < 8. By Step 3 of Algorithm4.3 ELi di = 16. Since 6n'^ - 2n = 20 ^ Ef=i di 
Algorithm4.3 decides the graph G" is not a chordal graph. 
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The following algorithm recognises whether a given s.c. graph with 4n+l vertices is 
chordal or not. 

Algorithm 4.4 : Given a s.c. graph G with 4n+l vertices this algorithm decides 
whether G is chordal or not. 

Input ; A s.c. graph G with 4n+l vertices. 

Step 1 : Compute the degrees of the vertices of G. 

Step 2 ; Arrange the degrees of the vertices of G in non-increasing order. Let 

di > d 2 > ■ • ■ > d 4 n+i be the sequence of the degrees of the vertices of G arranged in 
non-increasing order. 

Step 3 : Compute the sum d,- 

Output .■ Whether the graph G is chordal or not is decided as follows. The graph G is 
chordal if dj = 6n^ else it is not chordal. 

The following result justifies the claim of Algorithm4.4. 

Theorem 4.14 ; Let G be a s.c. graph with 4n+l vertices where n is a positive integer. 
Then G is a chordal graph if and only if it is decided as a chordal graph by Algorithm4.4. 

Proof; Follows from Theorem2.34 (ii). □ 

The complexity of Algorithm4.4 is given by the following result. 

Theorem 4.15 ; Let G be a s.c. graph with 4n+l vertices where n is a positive integer. 
Algorithm4.4 with G as its input graph decides whether G is chordal or not in 0(n) time. 

Proof: Stepl of Algorithm4.4 takes 0(n) time since all the 4n+l vertices of G should be 
examined to compute the degrees of the vertices of G. The degrees of the \ertices of G are 
integers and take values betw’een 0 and 4n. So it takes 0(n) time for sorting the degrees of 
the 4n+l vertices of G [1]. Step3 of Algorithm4.4 takes 0(1) time. Therefore the result. □ 
To illustrate Algorithm4.4 we consider the graphs G' and G" showm m Figure 4.4(a) 
and Figure 4.4(b) respectively. 
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Let G' be the graph shown in Figure 4.4(a). The graph G' is s.c. since 
(1 23456789 10 11 12) (13) is a c.p. of G'. Let G' be the input to Algorithm4.4. Step 1 of 
Algorithm4.4 yields degG‘{2) = deg^A) = depG'(6) = degai^) = deg^il^S) = degdU) = 9 
and degc'il) = degd^) = degdb) = degd?) = degG‘{9) = degdll) = 3 and depG'(13) = 
6. Step 2 of Algorithin4.4 arranges the degrees of the vertices of G' in non-increasing order 
di > ^2 > ■ ■ • > di3 where di = 9 for 1 < i < 6, dr = 6 and dj = 3 for 8 < i < 13. By Step 3 
of Algorithm4.4 di = 54. Since = 54 = Yli=i di Algorithm4.4 decides the graph G' 
is a chordal graph. 

Let G" be the graph shown in Figure 4.4(b). The graph G" is s.c. since 
(1 2 3 4 5 6 7 8) (9) is a c.p. of G". Let G" be the input to Algorithm4.4. Step 1 
of Algorithm4.4 yields de^G»(2) = degG"{A) = degG"{6) = depff«(8) = 5, degG-'i^) = 
degG"{^) = degG"{^) = degG"{l) = 3 and degG" = 4. Step 2 of Algorithm4.4 arranges 
the degrees of the vertices of G" in non-increasing order di > d 2 > • • • > dg where df = 4 for 
1 < i < 4, ds = 4 and dj = 3 for 6 < i < 9. By Step 3 of Algorithm4.4 X)i=i di = 16. Since 
6n^ = 24 ^ 21^1 di Algorithm4.4 decides the graph G" is not a chordal graph. 

Remark: A graph can be recognised to be chordal or not in linear time using the al- 
gorithms given in [131], [184] and [186]. However recognising whether a chordal graph is 
self-complementary or not appears to be difficult. 

Using .\lgorithm4.3 and Algorithm4.4 we compile the catalogue of s.c. chordal graphs 
with atmost 12 vertices from the available catalogue of s.c. graphs with atmost 12 vertices. 

There is only one non-isomorphic s.c. chordal graph with 4 vertices. This graph is 
isomorphic to the graph with the following 4x4 matrix as its adjacency matrix. 

^0100^ 

10 0 1 
0 0 0 1 
^ 0 1 1 0 y 
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There is only one non-isomorphic s.c. chordal graph with 5 vertices. T his graph is 
isomorphic to the graph with the following 5x5 matrix as its adjacency matrix. 

^ 0 1 0 0 0 '' 

10 0 11 
0 0 0 1 0 
0 110 1 
^ 0 1 0 1 0 y 


There are 3 non-isomorphic s.c. chordal graphs with 8 vertices. They are isomorphic 
to the graphs with the following 8x8 matrices as its adjacency matrices. 

^ 0 1 0 0 0 1 0 0 ^ 

10 0 1110 1 
0 0 0 1 0 0 0 1 

0 110 0 111 
0 1 0 0 0 1 0 0 

110 110 0 1 
0 0 0 1 0 0 0 1 

^ 0 1 1 1 0 1 1 0 y 
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There are 3 non-isomorphic s.c. chordal graphs with 9 vertices. They are isomorphic 
to the graphs with the following 9x9 matrices as its adjacency matrices. 

^ 010001000 ^ 

10 0 1110 11 
000100010 
0 110 0 1111 
0 1 0 0 0 1 0 0 0 

110 110 0 11 
0 0 0 1 0 0 0 1 0 

0 1110 110 1 
^ 0 1 0 1 0 1 0 1 0 y 

^ 010000000 ^ 

10 0 111111 
000100000 
0 110 11111 
0 10 10 10 0 0 
0 10 110 0 11 
0 1 0 1 0 0 0 1 0 

0 10 10 110 1 
^ 0 1 0 1 0 1 0 1 0 y 

^ 010001000 ^ 

10 0 10 1111 
0 0 0 1 0 0 0 1 0 

011011011 
0 0 0 1 0 1 0 0 0 

110110011 
010000010 
0 1110 110 1 
^OlOlOlOlOy 
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There are 16 non-isomorphic s.c. chordal graphs with 12 vertices. They are isomorphic 
to the graphs with the following 12 x 12 matrices as its adjacency matrices. 

''oooooooooool'' 
000000000010 
000000001011 
000000000111 
000000011111 
000000101111 
000001011111 
000010101111 
001011110111 
000111111011 
011111111101 
^ 1 0 1 1 1 1 1 1 1 1 1 0 y 

^ 000000000001 ^ 

000000000010 

000000100111 

000000110011 

000000011011 

000000001111 

001100011111 

000110101111 

000011110111 

001001111011 

011111111101 

^ 101111111110 ; 
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^OOOOOOOOOOOl'^ 

000000000010 

000000101011 

000000010111 

000000101011 

000000010111 

001010011111 

000101101111 

001010110111 

000101111011 

011111111101 

^lOlllllllllOy 

^ 000000001001 ^ 

000000000110 

000000000101 

000000001010 

000000011111 

000000101111 

000001011111 

000010101111 

100111110111 

011011111011 

010111111101 

^lOlOlllllllOy 
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'"ooooooooiooi^ 

000000000110 

000000000110 

000000001001 

000000011111 

000000101111 

000001011111 

000010101111 

100111110111 

011011111011 

011011111101 

^lOOllllllllOy 

^00000000010l\ 

000000001010 

000000011001 

000000100110 

000000010111 

000000101011 

000101011111 

001010101111 

011001110111 

100110111011 

010111111101 

^ 101011111110 ; 
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^ 000000000110 ^ 

000000001001 

000000011001 

000000100110 

000000011011 

000000100111 

000101011111 

001010101111 

011010110111 

100101111011 

100111111101 

^OllOlllllllOy 

^ 000000010001 ^ 
000000100010 
000000000111 
000000001011 
000000101101 
000000011110 
010010011111 
100001101111 
000111110111 
001011111011 
011101111101 
^1011101 llllOy 
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000000010001 

000000100010 

000000001011 

000000000111 

000000011101 

000000101110 

010001011111 

100010101111 

001011110111 

000111111011 

011101111101 

101110111110 

000000000101 

000000001010 

000000011001 

000000100110 

000000011011 

000000100111 

000101011111 

001010101111 

011010110111 

100101111011 

010111111101 

101011111110 
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0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 1 1 0 

0 0 1 0 0 1 

0 10 10 1 

10 10 10 
0 10 111 

^101011 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

10 0 10 1 

110 0 10 
0 110 0 1 

10 110 0 
0 10 110 
^001011 


0 0 0 1 0 1 '' 

0 0 10 10 
0 10 10 1 
10 10 10 
10 0 111 
0 110 11 
0 11111 
10 1111 
110 111 
1110 11 
11110 1 
1 1 1 1 1 0 y 

110100^ 
0 110 10 
0 0 110 1 
10 0 110 
0 10 0 11 
10 10 0 1 
0 11111 
10 1111 
110 111 
1110 11 
11110 1 
1 1 1 1 1 Oy 
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'"ooooooiiiooo'' 

000000011100 

000000001110 

000000000111 

000000100011 

000000110001 

100011011111 

110001101111 

111000110111 

011100111011 

001110111101 

^OOOllllllllOy 

^OOOOOOlOOlOl'' 

000000011010 

000000100101 

000000011010 

000000011010 

000000100101 

101001011111 

010110101111 

010110110111 

101001111011 

010110111101 

^lOlOOllllllOy 
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000000101010 

000000010101 

000000101010 

000000100101 

000000011010 

010110011111 

101001101111 

010101110111 

101010111011 

010101111101 

^101010111110 

^000000010101 

000000101010 

000000100101 

000000110010 

000000011001 

000000001110 

011100011111 

100110101111 

010011110111 

101001111011 

010101111101 

^101010111110 
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Remark : We note that the catalogue of s.c. chordal graphs with p vertices can be compiled 
from the catalogue of s.c. graphs with p vertices for p > 12 by following the same method 
adopted for compiling the catalogue of s.c. chordal graphs with p vertices for p < 12. By 
Theorem4.13 and Theorem4.15 deciding whether a s.c. graph with 4n or 4n+l vertices is 
chordal or not takes 0(n) time. Scanning the entire list of non-isomorphic s.c. graphs with 
4n or 4n-l-l vertices takes 0(s4„) time or 0(s4„4.i) time respectively. So the running time of 
the algorithm which locates the non-isomorphic s.c. chordal graphs with p vertices from the 
list of all non-isomorphic s.c. graphs with p vertices takes 0 (ns 4 „) time or C>(ns 4 „+i) time 
accordingly as p=4n or p=4n-t-l respectively. 

The following result gives a method for constructing all s.c. chordal graphs with 4n-t-l 
vertices from the set of all s.c. chordal graphs with 4n vertices. 

Theorem 4.16 .• Let Q be the set of all non-isomorphic s.c. chordal graphs with 4n vertices. 
Let Q* = {Gu ouq : G e G,Uo ^ y{G) and C/ = {u € V^(G) : degciv) > 2n}}. 

Then Q* is the set of all non-isomorphic s.c. chordal graphs with vertices. 

Proof: Let G' and G" be two s.c. chordal graphs with 4n vertices. Let u'q and Uq be such 
that u; ^ V{G') and < ^ V{G"). Let U' = {v E V{G') : degciy) > 2n} and U" = {v e 
V{G") : degciv) > 2n}. By Theorem4.5 G’ = G" if and only if ouq = G'^ouq. Hence 
the Theorem. □ 

Using Theorem4.16 we obtain the catalogue of s.c. chordal graphs with 13 vertices from 
the set of all non-isomorphic s.c. chordal graphs with 12 vertices. 
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There are 16 non-isomorphic s.c. chordal graphs with 13 vertices. They are isomorphic 
to the graphs with the following 13 x 13 matrices as its adjacency matrices. 


^ 0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 1 

0 0 0 0 1 0 

0 0 10 11 

0 0 0 1 1 1 

0 11111 
10 1111 
^ 0 0 0 0 0 0 


0000010 ^ 
0 0 0 0 1 0 0 
0 0 10 110 
0 0 0 1 1 1 0 
0 111110 
10 11110 
0 111111 
10 11111 
110 1111 
1110 111 
11110 11 
111110 1 
1111110 ^ 


^ 0000000000010 ^ 
0000000000100 
0000001001110 
0000001100110 
0000000110110 
0000000011110 
0011000111111 
0001101011111 
0000111101111 
0010011110111 
0111111111011 
10 1111111110 1 
^ 0000001111110 ; 
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0000000010010 

0000000001100 

0000000001100 

0000000010010 

0000000111110 

0000001011110 

0000010111111 

0000101011111 

1001111101111 

0110111110111 

0110111111011 

1001111111101 

0000001111110 


0000000001010 

0000000010100 

0000000110010 

0000001001100 

0000000101110 

0000001010110 

0001010111111 

0010101011111 

0110011101111 

1001101110111 

0101111111011 

1010111111101 

0000001111110 
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^000000 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 1 0 1 
0 0 10 10 
0 110 10 
10 0 10 1 
10 0 111 
0 110 11 
0 0 0 0 0 0 

^000000 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 10 0 10 
1 0 0 0 0 1 
0 0 0 1 1 1 
0 0 10 11 
0 1110 1 
10 1110 
0 0 0 0 0 0 


0 0 0 1 1 0 0 ^ 
0 0 1 0 0 1 0 
0 110 0 10 
10 0 110 0 
0 110 110 
10 0 1110 
0 111111 
10 11111 
110 1111 
1110 111 
11110 11 
111110 1 
1111110^ 

0 1 0 0 0 1 0 

1 0 0 0 1 0 0 

0 0 0 1 1 1 0 
0 0 10 110 
10 110 10 

0 11110 0 

0 111111 
10 11111 
110 1111 
1110 111 
11110 11 
111110 1 
1111110 
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'^oooooooioooio'' 

0000001000100 

0000000010110 

0000000001110 

0000000111010 

0000001011100 

0100010111111 

1000101011111 


0 0 10 111 
0 0 0 1 1 1 1 

0 1110 11 
10 1110 1 
^0000001 

*^ 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 

0 0 0 0 0 0 0 

0 0 0 0 0 0 1 

0 0 0 0 0 0 0 

0 0 0 0 0 0 1 
0 0 0 1 0 1 0 
0 0 10 10 1 
0 110 10 1 
10 0 10 11 

0 10 1111 
1 0 1 0 1 1 1 

^0000001 


10 1111 
110 111 
1110 11 
11110 1 
111110 ^ 

001010 ^ 
0 10 10 0 
110 0 10 
0 0 110 0 
110 110 
0 0 1110 
111111 
0 11111 
10 1111 
110 111 
1110 11 
11110 1 
111110 ; 
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^oooooooooioio'' 

0000000010100 

0000000101010 

0000001010100 

0000001001110 

0000000110110 

0001100111111 

0010011011111 

0101011101111 

1010101110111 

0101111111011 

1010111111101 

^OOOOOOllllllOy 

^ 0000001101000 ^ 
0000000110100 
0000000011010 
0000001001100 
0000000100110 
0000001010010 
1001010111111 
1100101011111 
0110011101111 
1011001110111 
OlOllOllllOll 
00101111111 ®^ 
^0 000001111110 
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% 000001110000 ^ 

0000000111000 

0000000011100 

0000000001110 

0000001000110 

0000001100010 

1000110111111 

1100011011111 


1 1 1 0 0 0 1 
0 1110 0 1 

0 0 1110 1 

0 0 0 1 1 1 1 
^0000001 

0 0 0 0 0 0 1 

0 0 0 0 0 0 0 

0 0 0 0 0 0 1 

0 0 0 0 0 0 0 

0 0 0 0 0 0 0 

0 0 0 0 0 0 1 

10 10 0 10 
0 10 110 1 

0 10 110 1 

10 10 0 11 
0 10 110 1 
10 10 0 11 
^0000001 


10 1111 
110 111 
1110 11 
11110 1 
111110 ^ 

0 0 1 0 1 0 
110 10 0 
0 0 10 10 
110 10 0 

110 10 0 

0 0 10 10 
111111 
0 11111 
10 1111 
110 111 
1110 11 
11110 1 
111110 


) 
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^ 0000000101010 ^ 

0000001010100 

0000000101010 

0000001010100 

0000001001010 

0000000110100 

0101100111111 

1010011011111 

0101011101111 

1010101110111 

0101011111011 

1010101111101 

^OOOOOOllllllOy 

^ 000000101010 ^ 

0000001010100 

0000001001010 

0000001100100 

0000000110010 

0000000011100 

0111000111111 

1001101011111 

olooiiiioiiii 

lOlOOllllOlll 

010101111101 ^ 

1010101111101 

^OOOOOOllllllOy 
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Remark . By using Theorem4.16 the catalogue of s.c. chordal graphs with 4n+l vertices 
can be compiled from the catalogue of s.c. chordal graphs ■with 4n vertices where n > 3 as we 
have done for the case of s.c. chordal graphs with 13 vertices. We note that the complexity 
of the algorithm which constructs all non-isomorphic s.c. chordal graphs with 4n4-l vertices 
from all non-isomorphic s.c. chordal graphs with 4n vertices by using the method followed 
above takes 0 (n.^ 4 „) where is the number of non-isomorphic s.c. chordal graphs with 4n 
vertices. 
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Figure 4.1a 





Figure 4.1b 
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Figure 4.2a 
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Figure 4.2b 
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Figure 4.3a 




Figure 4.3b 





Figure 4.4a 
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Figure 4.4b 




Chapter 5 


Self-complementary chordal graphs 
and some graph parameters 


5.1 Introduction 

Graph parameters have been studied because of the usefulness in determining the structure 
of the graph. 

In this chapter we study about the following graph parameters for s.c. chordal graphs. 

(a) Chromatic number. 

(b) Chromatic index. 

(c) Domination number. 

(d) Spectrum. 

In general obtaining the exact value of the chromatic number of a graph is quite diflBcult. 
However researchers had obtained bounds for the chromatic number of graphs and several 
classes of graphs (see [122] and [217]). In Section 5.2 we prove that the chromatic number of 
s.c. chordal graphs wdth 4n vertices is 2n and that of s.c. chordal graphs with 4n+l \ertices 
is 2n-t-l. We also obtain bounds on the chromatic number of s.c. perfect graphs and prove 
that the upper bounds are attained if and only if the graph is s.c. chordal. 
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Vizing [226] proved that the chromatic index of a graph G is A(G) or A(G) + 1. Since 
then research has progressed much in classifying the graphs with chromatic index A(G) 
(Class 1 graphs) and the graphs with chromatic index A(G) + 1 (Class 2 graphs) [81], [82] 
and [83]. In Section 5.3 we give a sufficient condition for a s.c. chordal graph with 4n vertices 
to be a Class 1 graph and establish the Class 1 property for some classes of s.c. chordal 
graphs with 4n vertices. We also obtain bounds for the chromatic index of s.c. chordal 
graphs. 

Results on the domination number of graphs and several classes of graphs have been 
surveyed in [31], [62], [116] and [117]. Booth in [31] has proved that computing domination 
number of chordal graphs is NP-Complete. However linear time algorithm exists for com- 
puting independent domination number of chordal graphs [79]. In Section 5.4 we prove that 
the domination number and the independent domination number can be atmost 2n for s.c. 
chordal graphs with 4n vertices and atmost 2n-t-l for s.c. chordal graphs with 4n-l-l vertices. 

The spectrum of a graph provides a wealth of information about the graph though by 
no means it specifies the graph uniquely [193]. For further reading on this topic we refer to 
[72] and [193]. Existence of cospectral graphs with several restrictions had been studied by 
researchers [72] and [193]. In Section 5.5 we prove that the least positive integer for which 
there exists cospectral s.c. chordal graphs is 12. We also obtain bounds for the maximum 
eigen-value of a s.c. chordal graph. 

5.2 On the chromatic number of self-complementary 
chordal graphs 

The following result on the chromatic number of a graph and its complement was obtained 
by Nordhaus and Gaddum [145]. 

Theorem 5.1 (Nordhaus and Gaddum [145]) : For any graph G with p vertices the following 
holds. 


(i) r2v^ <x(G) + x(<5)<P+1 
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(ii) P < x(G)x(G) < . 

The follcv^ ing result gives bounds for the chroinatic number of a s.c. graph. 

Theorem 5.2 : Let G he a s.c. graph with p vertices. Then 

(i) f\/4n] < xiO) < 2n when p=4n 

(ii) [\/4n + 1] < x{G) < 2n + 1 when p=4n+l. 

Proof: (i) Let G be a s.c. graph with 4n vertices. We note that x(C) = x{G) since G is a 
s.c. graph. So by TheoremS.l x{G) should satisfy the inequations given by (5.1). 

[2v^l < 2x{G) < 4n + 1 1 

4n < (x(G))“ < L( WJ J 

Then if follow’s that 

[\/4n] < x(G) < 2n . 

(ii) Let G be a s.c. graph with 4n+l vertices. We note that xiG) = x(^) since G is a s.c. 
graph. So by Theorems. 1 x{G) should satisfy the inequations given by (5.2). 

[2v/4;r+T] < 2x(G) < 4n + 2 1 2 ) 

4«+l<(x(G))"<[(^)"J J 

Then it follows that 

rv^iHTTl <x(G)<2n+l . □ 

A characterisation for a s.c. perfect graph to be a chordal graph in terms of its chromatic 
number follows. 

Theorem 5.3 : Let G be a s.c. perfect graph. Then G is chordal if and only if 
(i) x(^) = 2n when p=4^ 

X{G) = 2n + 1 when p=4n+l. 
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Proof: Let G be a chordal graph. By Theorem2.20 w(G) = 2n when p=4n and uj{G] = 2n+l 
vhen p=4n+l. By the definition of a perfect graph x(G) = u{G). So x{G) = 2n when p=4n 
ind x(G) = 2n + 1 when p=4n+l. 

Let x(G) = 2n when p=4n and x(G) = 2n + 1 when p=4n+l. By the definition of a 
)erfect graph u;(G') = x(*^)- So <x'(G) = 2n when p=4n and u!{G) = 2n + 1 when p=4n+l. 
Then by Theorem2.20 it follows that G is a chordal graph. □ 

Next result gives bounds for the chromatic number of a s.c. perfect graph. The upper 
)Ounds given by this result is attained only for s.c. chordal graphs and every s.c. chordal 
jraph attains the upper bound. 

Theorem 5.4 : Let G be a s.c. perfect graph. Then 

i) [\/4nl < x{G) < 2n when p=4n 

ii) [v/irT+T] < \{G) < 2n + 1 when p=4n+l. 

\4oreover, the upper bounds given by (i) and (ii) are attained if and only if G is a chordal 
iraph. 

i^roof: Follows from Theorems. 2 and TheoremS.S. □ 


5.3 On the chromatic index of self-complementary chordal 


graphs 


fhe following result was independently obtained by Bezhad et. al.[28] and Vizmg [227]. 

Theorem 5.5 (Behzad et. al. [28] and Vizing [227]) : The complete graph K^n where n is 
I positive integer is a Class 1 graph. 


A sufficient condition for a s.c. chordal graph with 4n vertices to be a Class 1 graph is 
;iven by the following Theorem. 


Theorem 5.6 : Let G be a s.c. 
r- = {vnVi 2 ■ ■ • Tip.) for alll <i < 


chordal graph with p=4n- Let c* = where 

s be a star c.p. of G. Let H be the graph <T > where 
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r = [Bvenio-), Odd(cT‘)]. Then a is a Class 1 graph if bath (i) and (ii) are satisfied. 

(i) H is a Class 1 graph. 

(ii) There exists a vertex Vij of G such that degoivij) = A(G) and deggivij) = A{H). 

Proof: Let H be a Class 1 graph. Let Vij be a vertex of G such that degoivij) = A(G) and 
degnivij) = A(F). Let H' be the graph < Even{a*) >. By Theorem4.1 Uy € Even{a*). 
The subgraph H is a Class 1 graph implies that the edges of H can be properly colored 
with the colors ai, a2, . . . , a^^^uy By Theorem 3.8 H' = K2n since |f^uen(a*)| = 2n. So 
Odd{a*) is a stable set of G since Odd{a*) = a*{Even{a*)). By TheoremS.S the graph H' 
is a Class 1 graph since H' = i^sn- Hence the edges of H' can be properly colored with the 
colors 6i, 62, • - • , &2n-i- Every edge of G is either an edge of the graph H or an edge of the 
graph H' since Odd{a*) is a stable set of G. So the edges of the graph G can be properly 
colored with the colors oi , 02, . . . , aA(ff)) &!> 62, . • . , hn-v The vertex Uy € Even{a*) implies 
degn'ivij) = 2 n - 1 . Hence A(G) = degaivij) = deguivij) + degH'[vij) = A(H) + 2 n - 1 
since every edge incident with Uy is either an edge of H or an edge of H'. Then it follows 
that G is a Class 1 graph since the edges of G can be properly colored with A(G) colors 
01,02, . . . ,aA(H)> ^ 2 , • • • ) Q 

The following result is due to Kdnig [ 125 ]. 

Theorem 5.7 (Kdnig [ 125 ]) : Every bipartite graph is a Class 1 graph. 

A sufficient condition for a s.c. chordal graph with 4 n vertices to be a Class 1 graph in 
terms of its induced subgraph is given by the following result. 

Theorem 5.8 : Let G be a s.c. chordal graph with p= 4 n. Let o* be a star c.p. of G. Then 
G is a Class 1 graph if <T* > is a regular graph where T* = [Even{a*), Odd{a% 

Proof: Let a’ = • • • o", where a,* = (u,iUf 2 • • • Uipi) for 1 < i < s. Let H be the graph 

< T* >. The graph H is regular implies that degnivij) = A(ff) for all the vertices Vij of 
G. So there exists a vertex Vjj of G such that degoivij) = A(G) and dep^(uy) — A(i?) 
since V(G)=\'(H). We note that H is a bipartite graph since the sets Even{a*) and Odd(a*) 
partition V(H) such that every' edge of H is incident with a vertex of Even{a*) and a vertex 
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of Odd{a-). By TheoremS.T H is a Class 1 graph. Therefore by Theorem5.6 the result 
follows. □ 

Lemma 5.1 : Let G be a s.c. graph with 4n vertices and a c.p. a = (1 2-*-4n). Then 
<T > is a regular graph where T = [Even{a-),Odd{a)]. 

Proof: Let H be the graph < T >. By Lemma2.2 e E{G) if and only if 

^ ^4n-(2i-i) ^ all 1 < i < n and 1 < y < 4n. Hence 

degn{i) = n for all the vertices i of G such that 1 < i < 4n. □ 

The following Theorem establishes the Class 1 property for a class of s.c. chordal graphs 
with 4n vertices. 

Theorem 5.9 ; Let G be a s.c. chordal graph with 4n vertices. Let a* = (1 2---An) be a 
star c.p. of G. Then G is a Class 1 graph. 

Proof: Follows from Theorems. 8 and LemmaS.l.D 

.A-lavi et. al. [4] and Vizing [227] independently obtained the following result. 

Theorem 5.10 (Alavi et. al. [4] and Vizing [227]) : Let G bea graph with p vertices. Then 

(i) 2[i£^J - 1 < x'{G) + X'CS) < P + 

(ii) 0<;('(GM5)<(p-l)(2lfJ-l). 

The following result is on bounds for the chromatic index of a s.c. graph. 

Theorem 5.11 : Let G be a s.c. graph. Then 

(i) 2n < x'{G) < 4n - 1 when p=4n 

(ii) 2n + 1 < x'{G) < 4n - 1 when p=4n+l. 

Proof: Let p=4n. We note that x'{G) = x'(^) since G is a s.c. graph. By TheoremS.lO 
X'(G) should satisfy the inequations given by (5.3). 


Hence 


2j^(4r^j _ 1 < 2x'(G) < 4n + 2[-‘‘"2-^J 

0<(x'(^?))'<(4n-l)(2LfJ-l) 


> 


(5.3) 
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2n < x'(G) < 4n - 1. 

(ii) Let p=4n+l. The graph G is a s.c. graph implies that ^{G) = x'(G). By Theorem5.10 
x'{G) should satisfy the inequations given by (5.4). 

2[i^^^J-l<2x'(C?)<4n + l + 2L^J 1 

0 < ix'iG))^ < 4n(2[i^J - 1) I 

Therefore 


2n + 1 < x'(G) < 4n - 1. □ 

Novi' we obtain bounds for the chromatic index of a s.c. chordal graph. 
Theorem 5.12 : Let G be a s.c. chordal graph. Then 

(i) 2n < x'(G) < 4n — 1 when p=4n 

(ii) 2n + 1 < x'iG) < 4n - 1 when p=4n+l. 

Proof: Follows from Theorem5.11. □ 


5.4 On the domination number of self-complementary 
chordal graphs 


For a s.c. chordal graph with a star c.p. o* the set of all odd labelled vertices of cr is a 
kernel of the graph. 


Theorem 5.13 ; Let G be a s.c. chordal graph. Let c* be a star c.p. of G. Then Odd{a*) 
is a kernel of G. 


Proof: Casei : Let G be a s.c. chordal graph with 4n vertices. Let o* = ■■■a; where 

a; = (t;iit... 2 . for 1 < i < S. By Theorem2.1 p.- = 471^ for some where 1^< i < s. 

Let Vij G Evenia^). By Lemma2.2 either [%-,a’(%)] € E{G) or [(T*' * {vij),a* ’(%)] = 
G E{G). Also n,,- € Even{a-) implies that both the vertices and 

belong to Odd{a-). Hence for all the vertices € Even{a^) there exists a 
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vertex 6 Odd{a*) such that K-, € E{G). By TheoremS.S < Even{a*) > is a complete 

subgraph of G. So the set Odd{a*) is a stable set of G since Odd{a*) = a*{Even{a*)). Then 
it follows that Odd{a^) is a kernel of G since the sets Even{(j*) and Odd[a*) partition V(G). 
Caseii : Let G be a s.c. chordal graph with 4n+l vertices. Let o* = ajal • • • o', where 
a* = {vo) and a* = {vuva ■ • • Vij,.) for 2 < i < s. By Theorem2.1 pi = 4nj for some rii where 
2 <i < s. Let Vij € Even{a*). We note that z/y is distinct from vq since z;o € Odd{a*). By 
Lemma2.2 either K-,cr*(z;y)] € E{G) or k*‘'"‘'*(z;y),<7‘'‘"‘(z;i,)] = [z;y,a*^"‘~‘(z;ij)] € E{G). 
Also Vij e Evenia*) implies that both the vertices a*{vij) and belong to Odd{a*). 

Hence for all the vertices Vij € Even{a*) there exists a vertex vik € Odd{a*) such that 
[vij,vik] € E{G). By TheoremS.lS < {uo} U Even{o*) > is a complete subgraph of G. So 
the set Odd{a*) is a stable set of G since Odd{a*) = a*({z;o} U Even{a*)). It follows that 
Odd{p*) is a kernel of G since the sets Even{c*) and Odd{a*) partition V(G). □ 

The following result gives an upper bound for the independent domination number of 
a s.c. chordal graph. 

Theorem 5.14 ; Let G be a s.c. chordal graph. Then 

(i) 6i{G) < 2n when p=4n 

(ii) 5i(G) < 2n 4- 1 when p=4n+l. 

Proof: Let a* be a star c.p. of G. By Theorems. 13 Odd{a*) is a kernel of G. Hence Si(G) < 
2n and (5i(G') < 2n + 1 accordingly as p=4n and p=4n+l respectively since \Odd{a*) \ = 2n 
when p=4n and \Odd{a*)\ = 2n + 1 when p=4n+l. □ 

Lemma 5.2 ; For any graph G, Sq{G) < Si(G). 

Proof: Follows from the definition of ^uid 5j(G). □ 

The following result gives an upper bound for the domination number of a s.c. chordal 
graph. 

Theorem 5.15 : Let G be a s.c. chordal graph. Then 
(i) So(G) < 2n when p=4^ 
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(ii) <5o(G^) < 2n+ 1 when p=4ni-l. 

Proof: Follows from Theorem5.14 and Lemma5.2. □ 

5.5 On the spectrum of self-complementary chordal 
graphs 

No two non-isomorphic s.c. chordal graph with p vertices where p < 12 have the same 
spectrum. 

Theorem 5.16 : No two s.c. chovdol graph with 4 vertices are cospectral. 

Proof: Vacuously true since G has only one non-isomorphic s.c. chordal graph with 4 
vertices. □ 

Theorem 5.17 ; No two s.c. chordal graph with 5 vertices are cospectral. 

Proof: Vacuously true since G has only one non-isomorphic s.c. chordal graph with 5 
vertices. □ 

Theorem 5.18 ; No two s.c. chordal graph with 8 vertices are cospectral 

Proof: Adjacency matrices of the three non-isoraorphic s.c. chordal graphs with 8 vertices 
and their characteristic polynomial are given below. 

% 1 0 0 0 1 0 0 ^ 

10 0 1110 1 
0 0 0 1 0 0 0 1 

0 110 0 111 
0 1 0 0 0 1 0 0 

110 110 0 1 
0 0 0 1 0 0 0 1 

^01110110^ 
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Characteristic polynomial of the above matrix is 16A^ + 40A^ + 21A^ - 16A® - 14A® + A®. 

^ 0 1 0 0 0 0 0 0 ^ 

10 0 11111 
0 0 0 1 0 0 0 0 

0 110 1111 
0 10 10 10 0 

0 10 110 0 1 

0 1 0 1 0 0 0 1 

0 1 0 1 0 1 1 0 y 

Characteristic pohmomial of the above matrix is 1-4A-6A^+20A^+11A^-20A®-14A®+A®. 

^oioooioo'' 

10 0 10 111 
0 0 0 1 0 0 0 1 

0 110 110 1 
0 0 0 1 0 1 0 0 

110 110 0 1 
0 1 0 0 0 0 0 1 

^01110110^ 

Characteristic polynomial of the above matrix is -16A- 12A2+32A3+25A^ - IGA^- 14A®+ A*. 

We note that none of the above polynomials can be obtained from any one of the other 
two polynomials by multiplying by a real number. Hence no pair of non-isomophic s.c. 
chordal graphs with 8 vertices have the same spectrum. □ 

Theorem 5.19 : No two s.c. chordal graph with 9 vertices are cospectral. 
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Proof: Adjacency matrices of the three non-isomorphic s.c. chordal graphs wnth 9 vertices 
and their characteristic polynomial are given below. 

0 1 0 0 0 1 0 0 0 ^ 

10 0 1110 11 
000100010 
0 110 0 1111 
0 1 0 0 0 1 0 0 0 
110 110 0 11 
000100010 
0 1110 110 1 
0 1 0 1 0 1 0 1 0 y 

Characteristic polynomial of the above matrix is 32A^ + 68A^ -I- 25A® - 28 A® - 18A^ -f A®. 

^ 010000000 ^ 

10 0 111111 
OOOIOOOOO 
0 110 11111 
0 10 10 10 0 0 

0 10 110 0 11 
0 1 0 1 0 0 0 1 0 

0 10 10 110 1 
0 1 0 1 0 1 0 1 0 y 
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Characteristic polynomial of the above matrix is 5A - + 40 ^^ + _ 32 A 6 - 

18A^ + A®. 

'^010001000'' 

100101111 
000100010 
0 110 110 11 
000101000 
110 110 0 11 
0 1 0 0 0 0 0 1 0 
0 1110 110 1 
^ 0 1 0 1 0 1 0 1 0 y 

Characteristic polynomial of the above matrix is -32A^-12A^+60A^+29A®-28A®-18A^+A®. 

We note that none of the above polynomials can be obtained from any one of the other 
two polynomials by multiplying by a real number. Hence no pair of non-isomorphic s.c. 
chordal graphs with 9 vertices have the same spectrum. □ 

Cospectral s.c. chordal graphs with 12 vertices exists. 


Theorem 5.20 : There exists cospectral s.c. chordal graphs with 12 vertices. 


Proof: Consider the two graphs with 12 vertices shown in Figure 5.1 and Figure 5 . 2 . They 
are s.c. graphs since (1 11 2 12)(6 9 5 8 4 7 3 10) and (1 12 2 11)(6 7 5 8)(3 10 4 9) are c.p.'s 
of the graphs in Figure 5.1 and Figure 5.2 respectively. By Theorem2.20 both these graphs 
are chordal since their clique number is 6 . These two graphs are non-isomorphic since the 
graph in Figure 5.1 has a vertex of degree 1 whereas the graph in Figure 5.2 does not have 
a vertex of degree 1 . 
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The adjacency matrix and the characteristic polynomial of the s.c. chordal graph shown 
in Figure 5.1 follows. 


0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 
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0 

1 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

1 

1 

1 

0 

0 

0 

0 

0 

0 

1 

1 

0 

0 

1 

1 

0 

0 

0 

0 

0 

0 

0 

1 

1 

0 

1 

1 

0 

0 

0 

0 

0 

0 

0 

0 

1 

1 

1 

1 

0 

0 

1 

1 

0 

0 

0 

1 

1 

1 

1 

1 

0 

0 

0 

1 

1 

0 

1 

0 

1 

1 

1 

1 

0 

0 

0 

0 

1 

1 

1 

1 

0 

1 

1 

1 

0 

0 

1 

0 

0 

1 

1 

1 

1 

0 

1 

1 

0 

1 

1 

1 

1 

1 

1 

1 

1 

1 

0 

1 

1 

0 

1 

1 

1 

1 

1 

1 

1 

1 

1 

0 


The characteristic polynomial of the above matrix is -16A + 20A^ + 112A^ — 91A^ — 256A® + 
83A® + 248A^ + 20A8 - 88X^ - SSA^® + A^^. 


The adjacency matrix and the characteristic polynomial of the s.c. chordal graph shown 


in Figure 5.2 follows. 


0 0 0 0 0 0 

0 0 0 0 0 0 
0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 1 

0 0 0 0 1 0 

10 0 111 

0 110 11 

0 10 111 

^10 10 11 


0 0 1 0 0 1 ^ 

0 0 0 1 1 0 

0 0 0 1 0 1 

0 0 10 10 

0 11111 
10 1111 
0 11111 
10 1111 
110 111 
1110 11 
11110 1 
111110; 



Chapter 5 


121 


The characteristic pol>Tiomial of the above matrix is -16A+ 20A^ + 112A^ - 91A^ - 256A® + 
83A® + 248A^ + 20A8 - 88A® - 33A^° + A^^. 

We note that the characteristic polynomial of the s.c. chordal graphs vdth 12 vertices 
shown in Figure 5.1 and Figure 5.2 are the same. Therefore they have the samp spectrum.Cl 
The following result is a consolidation of the above results. 

Theorem 5.21 : The smallest positive integer for which there exist cospectral s.c. chordal 
graphs is 12. 

Proof: Follows from Theorem5.16, Theorem5.17, Theorem5.18, Theorem5.19 and 
Theorem5.20. □ 

Remark: In the above results characteristic polynomials of the adjacency matrices of s.c. 
chordal graphs were computed using the package ‘Mathematica’. For more details about 
this package we refer to [232]. 

The following result gives bounds for the maximum eigenvalue of a graph. 

Theorem 5.22 (Schwenk and Wilson [193]) : Let G be a connected graph. Then either (i) 
or (a) holds. 

(i) f < XmciG) < A{G) 

(ii) f = Xmax{G) = A{G), G is a regular graph and (1, 1, • • • , 1) « ei^en vector of G. 
Lemma 5.3 : Let G be a s.c. chordal graph. Then G is not regular. 

Proof: Follows from Theorem4.1 and Theorem4.2. O 
Lemma 5.4 ; Let G be a s.c. graph. Then G is connected. 

Proof: For every graph either the graph or its complement is connected. Hence G is 
connected since G is a s.c. graph. □ 

Lemma 5.5 : Let G be a s.c. graph with p vertices. Then q — ^ 4 ^ ■ 

Proof: The graph K, has edges. The graph G is s.c. implies it has e.ractly halt the 
number of edges of if.. Hence G has edges. G 
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Bounds for the maximum eigen value of a s.c. chordal graph are given by the following 
result. 

Theorem 5.23 ; Let G be a s.c. chordal graph. Then 

(i) < >^max(G) < A(G) when p=4n 

(ii) 2n < Xmax{G) < A(G) when p=4n+l. 

Proof: Let G be a s.c. chordal graph. By Lemma5.3 and Lemma5.4 G is connected and 
not regular.Then by Theorems. 22 and LemmaS.S the result follows. □ 
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Figure 5.1 
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Figure 5.2 
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Conclusion 


In this Chapter we pose some research problems on s.c. chordal graphs. 

In Chapter4 we proved that the isomorphism of s.c. chordal graphs is polynomially 
equivalent to the isomorphism of s.c. chordal graphs with 4n vertices and the isomorphism 
of s.c. chordal graphs with 4n+l vertices. We conjecture the following on the algorithmic 
complexity of the isomorphism of s.c. chordal graphs. 

Conjecture 6.1 ; The isomorphism of s.c. chordal graphs is polynomially equivalent to the 
general graph isomorphism (the isomorphism of graphs). 

By Theorem4.11, Conjecture6.1 could be equivalently posed as follows. 

Conjecture 6.2 ; The isomorphism of s.c. chordal graphs with 4^ vertices (or 4'^~hl 
vertices) is polynomially equivalent to the general graph isomorphism (the isomorphism of 
graphs). 

In Chapter 4 we proved that recognising whether a given s.c. graph is chordal or not 
takes linear time. However, the problem of recognising whether a given graph is s.c. chordal 
or not (the recognition problem of s.c. chordal graphs) seems to be algorithmically as hard 
as that of the general graph isomorphism. So we pose the following Conjecture. 

Conjecture 6.3 ; The recognition problem oj s.c. chordal graphs is polynomially equivalent 

to the general graph isomorphism (Idle isomorphism of graphs). 
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From Theorem4.16 it follows that the number of non-isomorphic s.c. chordal graphs 
with 4n vertices is equal to the number of non-isomorphic s.c. chordal graphs with 4n-i-l 
vertices. However the problem of counting the number of non-isomorphic s.c. chordal graphs 
iRith 4n vertices or 4n+l vertices for each positive integer n seems to be quite difficult. Hence 
we pose this as an open problem. 


Problem 6.1 ; Count the number of non-isomorphic s.c. chordal graphs with 4n vertices 
for each positive integer n . 

Equivalently the above problem could be posed as follows. 

Problem 6.2 : Count the number of non-isomorphic s.c. chordal graphs with^n+l vertices 
for each positive integer n . 
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